Published by Institute of Physics Publishing for SISSA/ISAS Received: September 15, 2003 Revised: October 17, 2003 Accepted: October 20, 2003

Charged Kaon K → 3π CP violating asymmetries at NLO in CHPT

Elvira Gámiz and Joaquim Prades

Centro Andaluz de Física de las Partículas Elementales (CAFPE) and Departamento de Física Teórica y del Cosmos, Universidad de Granada Campus de Fuente Nueva, E-18002 Granada, Spain E-mail: megamiz@ugr.es, prades@ugr.es

Ignazio Scimemi

Institute of Theoretical Physics, University of Bern Sidlerstr. 5, CH-3012 Bern, Switzerland E-mail: scimemi@itp.unibe.ch

Abstract: We give the first full next-to-leading order analytical results in Chiral Perturbation Theory for the charged Kaon K → 3π slope g and decay rates CP-violating asymmetries. We have included the dominant Final State Interactions at NLO analytically and discussed the importance of the unknown counterterms. We find that the uncertainty due to them is reasonable just for Δg_C , i.e. the asymmetry in the K^+ → π^+π^+π^− slope g, we get Δg_C = −(2.4 ± 1.2) × 10^{−5}. The rest of the asymmetries are very sensitive to the unknown counterterms, in particular, the decay rate asymmetries can change even sign. One can use this large sentivity to get valuable information on those counterterms and on ImG_8 coupling –very important for the CP-violating parameter ε^′_K – from the eventual measurement of these asymmetries. We also provide the one-loop O(e^2p^2) electroweak octet contributions for the neutral and charged Kaon K → 3π decays.

Keywords: Kaon Physics, CP violation, QCD, Chiral Lagrangians.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep102003042 /jhep102003042 .pdf

Contents

1. Introduction 2

2. Notation and definitions 3

3. Numerical inputs for the weak chiral counterterms 5 3.1 Counterterms of the LO weak chiral lagrangian 5 3.2 Counterterms of the NLO weak chiral lagrangian 7

4. CP-conserving observables 8 4.1 Slope g 10 4.2 Slopes h and k 10 4.3 Decay rates 10

5. CP-violating predictions at leading order 11 5.1 CP-violating asymmetries in the slope g 12 5.2 CP-violating asymmetries in the decay rates 12

6. CP-violating predictions at next-to-leading order 13 6.1 Final state interactions at NLO 13 6.2 Results on the asymmetries in the slope g 16 6.3 Results on the asymmetries in the decay rates 18

7. Comparison with earlier work and conclusions 18 7.1 Comparison with earlier work 18 7.2 Conclusions 20

A. ΔS = 1 chiral lagrangian 21

B. K → 3π amplitudes at NLO 23 B.1 O(e^2p^0) and O(e^2p^2) contributions 25 B.1.1 Electroweak contributions at O(e^2p^0) 26 B.1.2 Electroweak loop contributions at O(e^2p^2) 26 B.1.3 Electroweak counterterm contributions at O(e^2p^2) 30

C. The slope g and Δg at LO and NLO 31

D. The quantities |A|^2 and Δ|A|^2 at LO and NLO 33

– 1 –

E. Final state interactions at NLO 36 E.1 Notation 37 E.2 Final state interactions for K^+ → π^+π^+π^− 38 E.3 Final state interactions for K^+ → π^0π^0π^+ 39 E.4 Integrals 40 E.5 Analytical results for the dominant FSI phases at NLO 41

1. Introduction

The decay of a Kaon into three pions has a long history. The first calculations were done using current algebra methods or tree level lagrangians, see [1] and references therein. Then using Chiral Perturbation Theory (CHPT) [2, 3] at tree level in [4]. Some introductory lectures on CHPT can be found in [5] and recent reviews in [6].

The one-loop calculation was done in [7, 8] and used in [9], unfortunately the analytical full results were not available. Recently, there has appeared the first full published result in [10].

CP-violating observables in K → 3π decays have also attracted a lot of work since long time ago [11]–[22] and references therein.

At next-to-leading order (NLO) there were no exact results available in CHPT so that the results presented in [16]–[19] about the NLO corrections were based in assumptions about the behavior of those corrections and/or using model depending results in [16]. In [20, 21] there are partial results at NLO within the linear σ-model.

Recently, two experiments, namely, NA48 at CERN and KLOE at Frascati, have announced the possibility of measuring the asymmetry Δg_C and Δg_N with a sensitivity of the order of 10^{−4}, i.e., two orders of magnitude better than at present [23], see for instance [24] and [25]. It is therefore mandatory to have these predictions at NLO in CHPT. The goal of this paper is to make such predictions.

In particular, we have explicitly checked the one-loop results of [10], we also provide the complete one-loop calculation for the electroweak octet contribution up to O(e^2p^2) in CHPT for all the decays K → 3π and finally, we estimate the dominant FSI for the charged Kaon K → 3π decays. We use all this to make the first full NLO in CHPT predictions for the charged Kaon K → 3π slope g and decay rates CP-violating asymmetries. We also present analytical results for all of our predictions.

Notation and definitions of the asymmetries are in section 2. In section 3 we collect the inputs that we use for the weak counterterms in the leading and next-to-leading order weak chiral lagrangians. In section 4 we give the CHPT predictions at leading- and nextto-leading order for the decay rates and the slopes g, h and k. We discuss the results for the CP-violating asymmetries at leading order first in section 5 and we discuss them at NLO in section 6. Finally, we give the conclusions and make comparison with earlier work in section 7. In appendix A, the ΔS = 1 CHPT lagrangian used at NLO can be found. In

– 2 – appendix B we give the notation we use for the K → 3π amplitudes and the new results at order e^2p^2. In appendix C we give the analytic formulas needed for the slope g and the asymmetries Δg at LO and NLO and in appendix D the relevant quantities to calculate the decay rates Γ and the CP-violating asymmetries in the decay rates ΔΓ also at LO and NLO. In appendix E we give the analytical results for the dominant –two-bubble– FSI contribution to the decays of charged Kaons and to the CP-violating asymmetries at NLO order, i.e. order p^6.

2. Notation and definitions

The lowest order SU(3) × SU(3) chiral lagrangian describing |ΔS| = 1 transitions is

L^{(2)}_{|ΔS|=1} = C F^6_0 e^2G_E tr(Δ_{32}u^†Qu) + CF^4_0 [ G_8 tr(Δ_{32}u_μu^μ) + G^′_8 tr(Δ_{32}χ_+) +

+ G_{27}, t^{ij,kl} tr(Δ_{ij}u_μ) tr(Δ_{kl}u^μ) ] + h.c. (2.1)

with C = − 3 5 G_F √ 2 V_{ud}V^∗_{us} ≃ −1.07 × 10^{−6} GeV^{−2} . (2.2)

The correspondence with the couplings c_2 and c_3 of [7, 8] is

c_2 = CF^4_0 G_8 ;

c_3 = − 1 6 CF^4_0 G_{27} . (2.3)

F_0 is the chiral limit value of the pion decay constant f_π = (92.4 ± 0.4) MeV, u_μ ≡ iu^†(D_μU)u^† = u^†_μ , Δ_{ij} = uλ_{ij} u^† (λ_{ij} )_{ab} ≡ δ_{ia}δ_{jb} , χ_{+(−)} = u^†χu^† + (−)uχ^†u (2.4)

χ = diag(m_u, m_d, m_s) a 3 × 3 matrix collecting the light quark masses, U ≡ u^2 = exp (i √ 2Φ/F_0) is the exponential representation incorporating the octet of light pseudoscalar mesons in the SU(3) matrix Φ;

Φ ≡ π^0 √ 2 + η_8 √ 6 π^+ K^+ π^− − π^0 √ 2 + η_8 √ 6 K^0

K^− K̄^0 −2 η_8 √ 6 .

The non-zero components of the SU(3) × SU(3) tensor t^{ij,kl} are

t^{21,13} = t^{13,21} = 1 3 ; t^{22,23} = t^{23,22} = − 1 6 ; t^{23,33} = t^{33,23} = − 1 6 ; t^{23,11} = t^{11,23} = 1 3 ; and Q = diag(2/3, −1/3, −1/3) is a 3 × 3 matrix which collects the electric charge of the three light quark flavors.

– 3 –

We calculate the amplitudes K_2(k) → π^0(p_1)π^0(p_2)π^0(p_3) , [A^2_{000}] , K_2(k) → π^+(p_1)π^−(p_2)π^0(p_3) , [A^2_{+−0}] , K_1(k) → π^+(p_1)π^−(p_2)π^0(p_3) , [A^1_{+−0}] , K^+(k) → π^0(p_1)π^0(p_2)π^+(p_3) , [A_{00+}] , K^+(k) → π^+(p_1)π^+(p_2)π^−(p_3) , [A_{++−}] , (2.5) as well as their CP-conjugated decays at NLO (i.e. order p^4 in this case) in the chiral expansion and in the isospin symmetry limit m_u = m_d. We have also calculated the contribution of the O(e^2p^2) electroweak octet counterterms. In (2.5) we have indicated the four momentum carried by each particle and the symbol we will use for the amplitude. The states K_1 and K_2 are defined as

K_{1(2)} =

K^0 − (+)K^0 √ 2 . (2.6)

For the explicit form of the lagrangian we have used, see appendix A. Our results for the octet and 27-plet terms fully agree with the results found in [10] so that we do not write them again. The electroweak contributions to K → 3π decays of order e^2p^0 and e^2p^2 can be found in Subsection B.1 in appendix B.

In this paper we discuss CP-violating asymmetries in the decay of the charged Kaon into three pions; namely, asymmetries in the slope g defined as |A_K+_{→3π}(s_1, s_2, s_3)|^2 |A_K+_{→3π}(s_0, s_0, s_0)|^2

= 1 + g y + h y^2 + k x^2 + O(yx^2, y^3) (2.7)

and some asymmetries in the integrated K^+ → 3π decay rates. Above, we used the Dalitz variables x ≡ s_1 − s_2 m^2_{π+} and y ≡ s_3 − s_0 m^2_{π+}

(2.8)

with s_i ≡ (k − p_i)^2, 3s_0 ≡ m^2_K + m^2_{π(1)} + m^2_{π(2)} + m^2_{π(3)} .

The CP-violating asymmetries in the slope g are defined as Δg_C ≡ g[K^+ → π^+π^+π^−] − g[K^− → π^−π^−π^+] g[K^+ → π^+π^+π^−] + g[K^− → π^−π^−π^+] and Δg_N ≡ g[K^+ → π^0π^0π^+] − g[K^− → π^0π^0π^−] g[K^+ → π^0π^0π^+] + g[K^− → π^0π^0π^−]

. (2.9)

A first update at LO of these asymmetries was already presented in [26].

The CP-violating asymmetries in the decay rates are defined as

ΔΓ_C ≡

Γ[K^+ → π^+π^+π^−] − Γ[K^− → π^−π^−π^+] Γ[K^+ → π^+π^+π^−] + Γ[K^− → π^−π^−π^+] and ΔΓ_N ≡

Γ[K^+ → π^0π^0π^+] − Γ[K^− → π^0π^0π^−] Γ[K^+ → π^0π^0π^+] + Γ[K^− → π^0π^0π^−]

. (2.10)

In particular, we also want to check the statement that with appropriate cuts one can get one order of magnitude enhancement in ΔΓ_C and ΔΓ_N asymmetries [13].

– 4 –

3. Numerical inputs for the weak chiral counterterms

Here we collect the values of the weak chiral counterterms that we use in this work.

3.1 Counterterms of the LO weak chiral lagrangian In [10], a fit to all available K → ππ amplitudes at NLO in CHPT [27] and K → 3π amplitudes and slopes in the K → 3π amplitudes at NLO in CHPT was done. The result found there for the ratio of the isospin definite [0 and 2] K → ππ amplitudes to all orders in CHPT was A_0[K → ππ] A_2[K → ππ] = 21.8 ; (3.1)

giving the infamous ΔI = 1/2 rule for Kaons and [ A_0[K → ππ] A_2[K → ππ] ]_{(2)}

= 17.8 , (3.2)

to lowest CHPT order p^2. I.e., Final State Interactions and the rest of higher order corrections are responsible for 22% of the ΔI = 1/2 enhancement rule. Yet most of this enhancement appears at lowest CHPT order! The last result is equivalent [using F_0 = 87.7 MeV] to

Re G_8 = 6.8 ± 0.6 and G_{27} = 0.48 ± 0.06 . (3.3)

In this normalization, Re G_8 = G_{27} = 1 at large N_c. No information can be obtained for Re(e^2G_E ) due to its tiny contribution to CP-conserving amplitudes.

CP-conserving observables are fixed by physical meson masses, the pion decay coupling in the chiral limit F_0 and the real part of the counterterms. To predict CP-violating asymmetries we also need the values of the imaginary part of these couplings. Let us see what we know about them. At large N_c, all the contributions to Im G_8 and Im(e^2G_E ) are factorizable and the scheme dependences are not under control. The unfactorizable topologies are not included at this order and they bring in unrelated dynamics with its new scale and scheme dependence, so that one cannot give an uncertainty to the large N_c result for Im G_8 and Im(e^2G_E ). We get

Im G_8 | |_{Nc} = 1.9 Im τ ,

Im(e^2G_E ) | | N_c = −2.9 Im τ . (3.4)

In the Standard Model [28]

Im τ ≡ − Im ( V_{td}V^∗_{ts} V_{ud}V^∗_{us} ) ≃ −(6.05 ± 0.50) × 10^{−4} , (3.5)

and we used [29] ⟨0|qq|0⟩_{MS}(2GeV) = −(0.018 ± 0.004) GeV^3 (3.6)

which agrees with the most recent sum rule determinations of this condensate and of light quark masses — see [30] for instance — and the lattice light quark masses world average [31].

– 5 –

There have been recently advances on going beyond the leading order in 1/N_c in both couplings, Im G_8 and Im(e^2G_E ).

In [32, 33, 34], there are recent model independent calculations of Im(e^2G_E ). The results there are valid to all orders in 1/N_c and NLO in α_S . They are obtained using the hadronic tau data collected by ALEPH [35] and OPAL [36] at LEP. The agreement is quite good between them and their results can be summarized in

Im(e^2G_E ) = −(4.0 ± 0.9) Im τ , (3.7)

where the central value is an average and the error is the smallest one. In [37] it was used a Minimal Hadronic Approximation to large N_c to calculate Im(e^2G_E ), they got

Im(e^2G_E ) = −(6.7 ± 2.0) Im τ , (3.8)

which is also in agreement though somewhat larger. There are also lattice results for Im(e^2G_E ) both using domain-wall fermions [38] and Wilson fermions [39]. All of them made the chiral limit extrapolations, their results are in agreement between themselves and their average gives Im(e^2G_E ) = −(3.2 ± 0.3) Im τ . (3.9)

There are also results on Im G_8 at NLO in 1/N_c. In [40], the authors made a calculation using a hadronic model which reproduced the ΔI = 1/2 rule for Kaons through a very large Q_2 penguin-like contribution –see [41] for details. The results obtained there are

Re G_8 = 6.0 ± 1.7 , and G_{27} = 0.35 ± 0.15 , (3.10)

in very good agreement with the experimental results in (3.3).

The result found in [40] is

Im G_8 = (4.4 ± 2.2) Im τ (3.11)

at NLO in 1/N_c. The hadronic model used there had however some drawbacks [42] which have been eliminated in the ladder resummation hadronic model in [43]. The work in [40, 41] will be eventually updated using this hadronic model.

In [40] there was also a determination of Re(e^2G_E ) though very uncertain. However, since the contribution of Re(e^2G_E ) is very small in all the quantities we calculate, we take the value from [40] with 100% uncertainty and add its contribution to the error of those quantities.

Very recently, using a Minimal Hadronic Approximation to large N_c, the authors of [44] found qualitatively similar results to those in [40]. i.e. enhancement toward the explanation of the ΔI = 1/2 rule through Q_2 penguin-like diagrams and a matrix element of the gluonic penguin Q_6 around three times the factorisable contribution. The same type of enhancement though more moderate was already found in [45].

– 6 –

3.2 Counterterms of the NLO weak chiral lagrangian

To describe K → 3π at NLO, in addition to Re G_8, G_{27}, Re(e^2G_E ), Im G_8 and Im(e^2G_E ), we also need several other ingredients. Namely, for the real part we need the chiral logs and the counterterms. The relevant counterterm combinations were called ~K_i in [10]. The chiral logs are fully analytically known [10] –we have confirmed them in the present work. The real part of the counterterms, Re ~K_i, can be obtained from the fit of the K → 3π CP-conserving decays to data done in [10]. The relation of the ~K_i counterterms and those defined in appendix A, and the values used for them are in table 1 and table 2 respectively.

For the imaginary parts at NLO, we need Im G^′_8 in addition to Im G_8 and Im(e^2G_E ). To the best of our knowledge, there is just one calculation at NLO in 1/N_c at present [40]. The results found there, using the same hadronic model discussed above, are

Re G^′_8 = 0.9 ± 0.1 and Im G^′_8 = (1.0 ± 0.4) Im τ . (3.12)

The imaginary part of the order p^4 counterterms, Im ~K_i, is much more problematic. They cannot be obtained from data and there is no available NLO in 1/N_c calculation for them.

One can use several approaches to get the order of magnitude and/or the signs of Im ~K_i. Among these approaches are factorization plus meson dominance [47]. If one uses factorization, one needs couplings of order p^6 from the strong chiral lagrangian for some of the ~K_i counterterms, see also [48]. Not very much is known about these O(p^6) couplings though. One can use Meson Dominance to saturate them but it is not clear that this procedure will be in general a good estimate. See for instance [49] for some detailed analysis of some order p^6 strong counterterms obtained at large N_c using also short-distance QCD constraints and comparison with meson exchange saturation. See also [50] for a very recent estimate of some relevant order p^6 counterterms in the strong sector using Meson Dominance and factorization.

Another more ambitious procedure to predict the necessary NLO weak counterterms is to combine short-distance QCD, large N_c constraints plus other chiral constraints and some

~K_1 Re(G_8)(N r_5 − 2N r_7 + 2N r_8 + N r_9 ) + G_{27} (−^1_2 Dr_6) ~K_2 Re(G_8)(N r_1 + N r_2 ) + G_{27} (^1_3 Dr_{26} −^4_3 Dr_{28}) ~K_3 Re(G_8)(N r_3 ) + G_{27} (^2_3 Dr_{27} +^2_3 Dr_{28}) ~K_4 G_{27} (Dr_4 − Dr_5 + 4Dr_7) ~K_5 G_{27} (Dr_{30} + Dr_{31} + 2Dr_{28}) ~K_6 G_{27} (8Dr_{28} − Dr_{29} + Dr_{30}) ~K_7 G_{27} (−4Dr_{28} + Dr_{29}) ~K_8 Re(G_8)(2N r_5 + 4N r_7 + N r_8 − 2N r_{10} − 4N r_{11} − 2N r_{12}) + G_{27} (−^2_3 Dr_1 +^2_3 Dr_6) ~K_9 Re(G_8)(N r_5 + N r_8 + N r_9 ) + G_{27} (−^1_6 Dr_6) ~K_{10} G_{27} (2Dr_2 − 2Dr_4 − Dr_7) ~K_{11} G_{27}Dr_7

Table 1: Relevant combinations of the octet N^r_i and 27-plet D^r_i weak counterterms for K → 3π decays.

– 7 –

Re ~K_i(M_ρ) from [10] Im ~K_i(M_ρ) from (3.13) ~K_2(M_ρ) 0.35 ± 0.02 [0.31 ± 0.11] Im τ ~K_3(M_ρ) 0.03 ± 0.01 [0.023 ± 0.011] Im τ ~K_5(M_ρ) −(0.02 ± 0.01) 0 ~K_6(M_ρ) −(0.08 ± 0.05) 0 ~K_7(M_ρ) 0.06 ± 0.02 0

Table 2: Numerical inputs used for the weak counterterms of order p^4. The values of Re ~K_i and Im ~K_i which do not appear are zero. For explanations, see the text.

phenomenological inputs to construct the relevant ΔS = 1 Green functions, see [43, 49, 51]. This last program has not yet been used systematically to get all the ΔS = 1 counterterms at NLO.

We will follow here more naive approaches that will be enough for our purpose of estimating the effect of the unknown counterterms. We can assume that the ratio of the real to the imaginary parts is dominated by the same strong dynamics at LO and NLO in CHPT, therefore Im ~K_i Re ~K_i ≃ Im G_8 Re G_8 ≃ Im G^′_8 Re G^′_8

≃ (0.9 ± 0.3) Im τ , (3.13)

if we use (3.11) and (3.12). The results obtained under these assumptions for the imaginary part of the ~K_i counterterms are written in table 2. In particular, we set to zero those Im ~K_i whose corresponding Re ~K_i are set also to zero in the fit to CP-conserving amplitudes done in [10]. Of course, the relation above can only be applied to those ~K_i couplings with nonvanishing imaginary part. Octet dominance to order p^4 is a further assumption implicit in (3.13). The second equality in (3.13) is well satisfied by the model calculation in (3.12).

The values of Im ~K_i obtained using (3.13) will allow us to check the counterterm dependence of the CP-violating asymmetries. They will also provide us a good estimate of the counterterm contribution to the CP-violating asymmetries that we are studying.

We can get a second piece of information from the variation of the amplitudes when Im ~K_i are put to zero and the remaining scale dependence is varied between M_ρ and 1.5 GeV. We use in this case the known scale dependence of Re ~K_i together with their absolute value at the scale ν = M_ρ from [10].

4. CP-conserving observables

Here we give the results for the CP-conserving slopes g_C , h_C , and k_C and the decay rate Γ_C of K^+ → π^+π^+π^− and slopes g_N , h_N , and k_N and decay rate Γ_N of K^+ → π^+π^0π^0 within CHPT at LO and NLO. These results are not new –see [10] and references therein– but we want to give them again, first as a check of our analytical results and second, to recall the kind of corrections that one expects in the CP-conserving quantities from LO to NLO for the different observables.

We will use the values of Re G_8 and G_{27} in (3.3), and disregard the EW corrections since we are in the isospin limit and they are much smaller than the octet and 27-plet

– 8 – g_C Γ_C (10^{−18} GeV) g_N Γ_N (10^{−18} GeV) LO −0.16 ± 0.02 1.2 ± 0.2 0.55 ± 0.04 0.37 ± 0.07 NLO, ~K_i(M_ρ) from table 2 −0.22 ± 0.02 3.1 ± 0.6 0.61 ± 0.05 0.95 ± 0.20 NLO, ~K_i(M_ρ) = 0 −0.28 ± 0.03 1.3 ± 0.4 0.80 ± 0.05 0.41 ± 0.12 PDG02 −0.2154 ± 0.0035 2.97 ± 0.02 0.652 ± 0.031 0.92 ± 0.02 ISTRA+ — — 0.627 ± 0.011 – KLOE — — 0.585 ± 0.016 0.95 ± 0.01

Table 3: CP conserving predictions for the slope g and the decay rates. The theoretical errors come from the variation in the inputs parameters discussed in section 3. In the last three lines, we give the experimental 2002 world average from PDG [52], and the recent results from ISTRA+ [23] and the preliminary ones from KLOE [25] which are not included in [52].

h_C k_C h_N k_N LO 0.006 ± 0.001 0 0.075 ± 0.003 0 NLO, ~K_i(M_ρ) from table 2 0.012 ± 0.005 −0.0054 ± 0.0015 0.069 ± 0.018 0.004 ± 0.002 NLO, ~K_i(M_ρ) = 0 0.04 ± 0.01 0.0004 ± 0.0025 0.15 ± 0.05 0.008 ± 0.002 PDG02 0.012 ± 0.008 −0.0101 ± 0.0034 0.057 ± 0.018 0.0197 ± 0.0054 ISTRA+ — — 0.046 ± 0.013 0.001 ± 0.002 KLOE — — 0.030 ± 0.016 0.0064 ± 0.0032

Table 4: CP conserving predictions for the slopes h and k. The theoretical errors come from the variation in the inputs parameters discussed in section 3. In the last three lines, we give the experimental 2002 world average from PDG [52], and the recent results from ISTRA+ [23] and the preliminary ones from KLOE [25] which are not included in [52].

contributions. For the real part of the NLO counterterms, we will use the results from a fit to data in [10]. So, really these are just checks.

The values of the NLO counterterms given in [10] were fitted without including CPviolating contributions in the amplitudes, i.e., taking the coupling G_8 and the counterterms themselves as real quantities. The inclusion of an imaginary part for these couplings does not affect significantly the CP conserving observables.

To be consistent with the fitted values of the counterterms of the O(p^4) lagrangian we do not consider any O(p^6) contribution to the amplitudes in this section. Indeed, these counterterms, fixed with the use of experimental data and order p^4 formulas, do contain the effects of higher order contributions. We also use the same conventions used in [10] for the pion masses, i.e., we use the average final state pion mass which for K^+ → π^+π^+π^− is m_π = 139 MeV and for K^+ → π^0π^0π^+ is m_π = 137 MeV. In the following subsections we provide analytic formulas at LO and in tables 3 and 4 we give the numerical results.

– 9 –

4.1 Slope g

The slope g is defined in equation (2.7). We give here the results for g_C ≡ 1 2 { g[K^+ → π^+π^+π^−] + g[K^− → π^−π^−π^+] }

and g_N ≡ 1 2 { g[K^+ → π^0π^0π^+] + g[K^− → π^0π^0π^−] } . (4.1)

Without including the tiny CP-violating effects g[K^+]_{LO} = g[K^−]_{LO},

g^{LO}_C = −3m^2_π

3 Re G_8 − 13G_{27} m^2_K (3 Re G_8 + 2G_{27}) + 9F^2_0 Re(e^2G_E ) , g^{LO}_N = 3 m^2_π (m^2_K − m^2_π)

(19m^2_K − 4m^2_π)G_{27} + 6(m^2_K − m^2_π) Re G_8 + 9F^2_0 Re(e^2G_E ) m^2_K (3 Re G_8 + 2G_{27}) + 9F^2_0 Re(e^2G_E )

. (4.2)

The value for Re(e^2G_E ) is not very well known. However its contribution turns out to be negligible and for numerical purposes we take the result for Re(e^2G_E ) from [40] with 100% uncertainty. We do not consider its contribution for the central values in table 3 and we add its effect to the quoted error. In addition, the quoted uncertainty for g^{LO}_C and g^{LO}_N contains the uncertainties from Re G_8 and G_{27} in (3.3).

The analytical NLO formulas are in (C.2). It is interesting to observe the impact of the counterterms so that we calculate also the slopes at NLO with ~K_i = 0, see table 3. The contribution of the counterterms at μ = M_ρ is relatively small for g_C and g_N , see table 3.

4.2 Slopes h and k

We can also predict the slopes h_{C(N)} and k_{C(N)} defined in (2.7). At LO, the slope k_C for K^+ → π^+π^+π^− and the slope k_N for K^+ → π^0π^0π^+ are identically zero and the corresponding slopes h_{C(N)} are equal to g^2_{C(N)}/4. The NLO results are written in table 4 together with the slopes obtained when the counterterms ~K_i are switched off at μ = M_ρ. We can see that the slopes h_{C(N)} and k_{C(N)} are dominated by the counterterm contribution contrary to what happened with g_{C(N)} which get the main contributions at LO.

4.3 Decay rates

The decay rates K → 3π with two identical pions can be written as Γ_{ijl} ≡ 1 512π^3m^3_K

∫_{s3max}

s_{3min} ds_3 ∫_{s1max}

s_{1min}

ds_1 |A(K → π^iπ^j π^l)|^2 , (4.3)

with

s_{1max} = (E^∗_j + E^∗_l )^2 − (√ E^{∗2}_j − m^2_j − √ E^{∗2}_l − m^2_l

)_2 , s_{1min} = (E^∗_j + E^∗_l )^2 − (√ E^{∗2}_j − m^2_j + √ E^{∗2}_l − m^2_l

)_2 , s_{3max} = (m_K − m_l)^2 and s_{3min} = (m_i + m_j )^2 . (4.4)

– 10 –

The energies E^∗_j = (s_3 − m^2_i + m^2_j )/(2 √ s_3) and E^∗_l = (m^2_K − s_3 − m^2_l )/(2 √ s_3) are those of the pions π^j and π^l in the s_3 rest frame. It is useful to define

|A_C |^2 = 1 2 { |A ( K^+ → π^+π^+π^− ) |^2 + |A ( K^− → π^−π^−π^+ ) |^2 } , |A_N |^2 = 1 2 { |A ( K^+ → π^0π^0π^+ ) |^2 + |A ( K^− → π^0π^0π^− ) |^2 } . (4.5)

At LO and again disregarding the tiny CP-violating effects we get

|A^{LO}_C |^2 ≡ |A^{LO}_{++−}|^2 = |A^{LO}_{−−+}|^2 = |C|^2 × | | | Re G^8(s^3 − m^2K − m^2π) +

G_{27} 3 (13m^2_π + 3m^2_K − 13s_3) +

+ Re(e^2G_E )(−2F^2_0 ) | | | 2 , |A^{LO}_N |^2 ≡ |A^{LO}_{00+}|^2 = |A^{LO}_{00−}|^2 = |C|^2 × | | | Re G^8(m^2π − s^3) + + G_{27} 6(m^2_K − m^2_π)

(5m^4_K + 19m^2_πm^2_K − 4m^4_π + s_3(4m^2_π − 19m^2_K )) +

+ Re(e^2G_E )

F^2_0 2(m^2_K − m^2_π)

(5m^2_π − m^2_K − 3s_3) | | |^2 . (4.6)

The amplitudes |A_{C(N)}|^2 needed for the NLO prediction are in (D.6) in appendix D.

The results for Γ_C and Γ_N at LO and NLO are in table 3. The contribution of Re(e^2G_E ) is very small (around 1%) and we include it in the final uncertainty as in section 4.1 together with the rest of input uncertainties. We have also included in table 3 the results with the counterterms ~K_i = 0 at μ = M_ρ. We can conclude from them that the decay widths are strongly dependent on the NLO counterterms contribution.

5. CP-violating predictions at leading order

The numerators of the asymmetries in (2.9) and (2.10) are proportional to strong phases times the real part of the squared amplitudes. At LO in CHPT, the strong phases start at one-loop and are order p^4/p^2 while the real part of the squared amplitudes are order (p^2)^2. The denominators are proportional to the real part of the squared amplitudes which are order (p^2)^2, so the asymmetries (2.9) and (2.10) for the slope g and decay rates Γ are order p^2 in CHPT.

We have checked that the effect of Re(e^2G_E ) is very small also for the Δg and ΔΓ asymmetries. For the numerics, we have used Re(e^2G_E ) = 0 and used the value in [40] with 100% variation to estimate its contribution which we have added to the quoted final uncertainty of the asymmetries. For the Re G_8 and G_{27} we have used always the values in (3.3). For Im G_8 and Im(e^2G_E ), we have used two sets of inputs; namely, the large N_c limit predictions in (3.4) and the values in (3.11) and (3.7). For the pion masses we have used the same convention used in [10] and given here in section 4. The results are reported in table 5.

– 11 –

Δg^{LO}_C (10^{−5}) ΔΓ^{LO}_C (10^{−6}) Δg^{LO}_N (10^{−5}) ΔΓ^{LO}_N (10^{−6}) (3.4) −1.5 −0.2 0.5 0.8 (3.11) and (3.7) −3.4 ± 2.1 −0.6 ± 0.4 1.2 ± 0.8 2.0 ± 1.3

Table 5: CP-violating predictions at LO in the chiral expansion. The details of the calculation are in section 5. The inputs used for Im G_8 and Im(e^2G_E ) are in the first column. The difference between Δg^{LO}_C here and the one reported in [26] comes from updating the values of Re G_8 and G_{27} from [10]. The error in the first line is not reported for the reasons explained in section 3.

5.1 CP-violating asymmetries in the slope g At LO, the CP-violating asymmetries in the slope Δg_{C(N)} can be written as [26]

Δg^{LO}_{C(N)} ≃ m^2_K F^2_0

B_{C(N)} Im G_8 + D_{C(N)} Im(e^2G_E ) , (5.1)

where the functions B_{C(N)} and D_{C(N)} only depend on Re G_8, G_{27}, m_K and m_π and can be found in (C.4) and (C.5) in appendix C. Numerically,

Δg^{LO}_C ≃ [ 1.16 Im G_8 − 0.12 Im(e^2G_E ) ] × 10^{−2} , Δg^{LO}_N ≃ − [ 0.52 Im G_8 + 0.063 Im(e^2G_E ) ] × 10^{−2} . (5.2)

From (5.2) and the inputs discussed in section 3.1 we conclude that the asymmetries Δg_{C(N)} are poorly sensitive to Im(e^2G_E ). This fact makes an accurate enough measurement of these asymmetries very interesting to check if Im G_8 can be as large as predicted in [40, 44, 45]. It also makes these CP-violating asymmetries complementary to the direct CPviolating parameter ε^′_K where there is a cancellation between the Im G_8 and Im(e^2G_E ) contributions.

5.2 CP-violating asymmetries in the decay rates The observables we study here were defined in (2.10). We can write them again as follows

ΔΓ_{C(N)} =

∫_{s3max}

s_{3min} ds3

∫_{s1max} s_{1min} ds1 Δ|AC(N)| 2 ∫_{s3max}

s_{3min} ds3

∫_{s1max} s_{1min} ds1 |AC(N)| 2 (5.3)

where the extremes of integration are in (4.4), the quantities |A_{C(N)}|^2 were defined in (4.5) and Δ|A_{C(N)}|^2 are defined by

Δ|A_C |^2 = 1 2 { |A ( K^+ → π^+π^+π^− ) |^2 − |A ( K^− → π^−π^−π^+ ) |^2 } , Δ|A_N |^2 = 1 2 { |A ( K^+ → π^0π^0π^+ ) |^2 − |A ( K^− → π^0π^0π^− ) |^2 } . (5.4)

At LO we get,

Δ|A^{LO}_{C(N)}|^2 = 2 [ Im G_8 { G_{27} ( B^{(2)}_8 C^{(4)}_{27} − B^{(2)}_{27} C^{(4)}_8 ) + Re(e^2G_E ) ( B^{(2)}_8 C^{(4)}_E − B^{(2)}_E C^{(4)}_8 )} + + Im(e^2G_E ) { Re G_8 ( B^{(2)}_E C^{(4)}_8 − B^{(2)}_8 C^{(4)}_E ) + + G_{27} ( B^{(2)}_E C^{(4)}_{27} − B^{(2)}_{27} C^{(4)}_E )}] , (5.5)

– 12 – where we do not show explicitly the s_j dependence of the functions B^{(2)}_i and C^{(4)}_i nor the subscript C or N in B^{(2)}_i and B^{(4)}_i for the sake of simplicity. The analytical expressions for the functions B^{(2)}_i and C^{(4)}_i are reported in appendix D.

In (5.5), we have used consistently the LO result for the denominator of (5.3) though its value is very different from the experimental number, see table 3.

The numerics for the asymmetries in the decay rates are

ΔΓ^{LO}_C ≃ [ 0.24 Im G_8 + 0.03 Im(e^2G_E ) ] × 10^{−3} , ΔΓ^{LO}_N ≃ − [ 0.88 Im G_8 + 0.13 Im(e^2G_E ) ] × 10^{−3} . (5.6)

The results using the two sets of inputs discussed in section 3 for Im G_8 and Im(e^2G_E ) are reported in table 5. The asymmetries in the width are also poorly sensitive to Im(e^2G_E ) thus also their accurate measurement will provide important information on Im G_8.

In [13], it was noticed that the asymmetry ΔΓ_C increases if a cut on the energy of the pion with charge opposite that of the decaying Kaon is made. Afterward, the authors in [14] claimed that if this cut is made at s_3 = 1.1×4m^2_π , the asymmetry is enhanced by one order of magnitude. We checked that the decay rate asymmetry ΔΓ_C at LO changes from its value in table 5 to ΔΓ_C = −5.6 × 10^{−6}, i.e. one order of magnitude enhancement when we perform such a cut in the integration, in agreement with [14]. It remains to see if this enhancement persists at NLO and how feasible is to perform this cut at the experimental side. We will come back to this issue in the conclusions in section 7. This enhancement does not occur for ΔΓ_N .

6. CP-violating predictions at next-to-leading order

At NLO one needs the real parts at order p^4, i.e. at one-loop, for which we have the exact expression, see appendix B. To make the full discussion about CP-violating asymmetries at NLO in CHPT we also need the FSI at order p^6 that would imply to calculate K → 3π amplitudes at two-loops. However, one can use the optical theorem and the one-loop and tree-level ππ scattering and K → 3π results to get the imaginary part of the dominant two-bubble contributions. The results for these dominant two-bubble FSI are presented in the next subsection.

6.1 Final state interactions at NLO

Though the complete analytical FSI at NLO are unknown at present, one can do a very good job using the known results at order p^2 and order p^4 for ππ scattering and for K → 3π together with the optical theorem to get analytically the order p^6 imaginary parts that come from two-bubbles. These contributions are expected to be dominant to a very good accuracy. We are disregarding three-body re-scattering since they cannot be written as a bubble resummation. One can expect them to be rather small being suppressed by the available phase space [22].

– 13 –

Making use of the Dalitz variables defined in (2.8) the amplitudes in (2.5) [without isospin breaking terms] can be written as expansions in powers of x and y,

A_{++−} = (−2α_1 + α_3) − ( β_1 − 1 2 β_3 + √ 3γ_3 ) y + O(y^2, x) , A_{00+} = 1 2 (−2α_1 + α_3) − ( − β_1 + 1 2 β_3 + √ 3γ_3 ) y + O(y^2, x) , A^2_{+−0} = (α_1 + α_3)^R − (β_1 + β_3)^Ry + O(y^2, x) , A^1_{+−0} = (α_1 + α_3)^I − (β_1 + β_3)^I y + O(y^2, x) , A^2_{000} = 3 (α_1 + α_3)^R + O(y^2, x) , A^1_{000} = 3 (α_1 + α_3)^I + O(y^2, x) , (6.1)

where the parameters α_i, β_i and γ_i are functions of the pion and Kaon masses, F_0, the lowest order ΔS = 1 lagrangian couplings G_8, G^′_8, G_{27}, G_E and the counterterms appearing at order p^4, i.e., L^′_is, ~K^′_is. We do not add here EW corrections since we expect them to be small and of the same size of isospin breaking effects in quark masses which we have not considered. The O(e^2p^0) and O(e^2p^2) contributions can be found in Subsection B.1.

In (6.1), superindices R and I mean that either the real part of the counterterms or their imaginary part appear, respectively. In the remainder, the superscript (+ − 0) will refer to the amplitude A(K^0 → π^+π^−π^0) = (A^2_{+−0} + A^1_{+−0})/ √ 2, that is proportional to the full couplings and not only to the real or the imaginary part of such couplings.

If we do not consider FSI, the complex parameters α^{NR}_i , β^{NR}_i and γ^{NR}_i –with the superscript NR meaning that re-scattering effects have not been included– can be written at NLO in terms of the order p^2 and p^4 counterterms and the constants B_{i,0(1)} = B^{(2)}_{i,0(1)}+B^{(4)}_{i,0(1)} and H^{(4)}_{i,0(1)} defined in (B.3), (B.4) and (B.9). They can be obtained from appendix D by expanding the corresponding functions B_i, C_i and H_i as in (B.9). We get

α^{NR}_1 = −G_8 1 2 B^{(++−)}

8,0 + 1 3 ∑ i=27,E G_i ( B^{(+−0)} i,0 − B^{(++−)}_{i,0} ) + + 1 3 ∑ i=1,11 ( H^{(4)(+−0)} i,0 − H^{(4)(++−)} i,0 ) ~K_i ,

α^{NR}_3 = ∑ i=27,E G_i 1 3 ( B^{(++−)} i,0 + 2B^{(+−0)}_{i,0} ) + 1 3 ∑ i=1,11 ( H^{(4)(++−)} i,0 + 2H^{(4)(+−0)} i,0 ) ~K_i ,

β^{NR}_1 = −G_8 B^{(++−)}_{8,1} − 1 3 ∑ i=27,E G_i ( B^{(+−0)} i,1 + B^{(++−)}_{i,1} − B^{(00+)}_{i,1} ) − − 1 3 ∑ i=1,11 ( H^{(4)(+−0)} i,1 + H^{(4)(++−)} i,1 − H^{(4)(00+)} i,1 ) ~K_i ,

β^{NR}_3 = 1 3 ∑ i=27,E G_i ( B^{(++−)} i,1 − B^{(00+)}_{i,1} − 2B^{(+−0)}_{i,1} ) + + 1 3 ∑ i=1,11 ( H^{(4)(++−)} i,1 − H^{(4)(00+)} i,1 − 2H^{(4)(+−0)} i,1 ) ~K_i ,

– 14 –

√ 3γ^{NR}_3 = − 1 2 ∑ i=27,E G_i ( B^{(++−)} i,1 + B^{(00+)}_{i,1} ) − 1 2 ∑ i=1,11 ( H^{(4)(++−)} i,1 + H^{(4)(00+)} i,1 ) ~K_i . (6.2)

At LO the expressions above give

α^{LO}_1 = iC [ G_8 m^2_K 3 + G_{27} m^2_K 27 + e^2G_E 2 3 F^2_0 ] , α^{LO}_3 = iC [ −G_{27} 10m^2_K 27 − e^2G_E 2 3 F^2_0 ] , β^{LO}_1 = iC [ −G_8m^2_π − G_{27} m^2_π 9 ] , β^{LO}_3 = iC [ −G_{27} 5m^2_π 18(m^2_K − m^2_π) ( 5m^2_K − 14m^2_π ) + e^2G_E F^2_0

3m^2_π 2(m^2_K − m^2_π) ] , √ 3γ^{LO}_3 = iC [ G_{27}

5m^2_π 4(m^2_K − m^2_π) ( 3m^2_K − 2m^2_π ) + e^2G_E F^2_0

3m^2_π 4(m^2_K − m^2_π) ] , (6.3)

with the constant C defined in (2.2).

The strong FSI mix the two final states with isospin I = 1 and leaves unmixed the isospin I = 2 state. The mixing in the isospin I = 1 decay amplitudes is taken into account by introducing the strong re-scattering 2 × 2 matrix R [17]. The amplitudes in (2.5) including the FSI effects can be written as follows at all orders, T_c ( A^{(1)}_{++−} A^{(1)}_{00+} ) R = ( I+ iR ) T_c ( A^{(1)}_{++−} A^{(1)}_{00+} ) NR ,

T_n ( A^{(2)}_{+−0} A^{(2)}_{000} ) R = ( I+ iR ) T_n ( A^{(2)}_{+−0} A^{(2)}_{000} ) NR , A^{(2)}_{++−}|_R = (1 + iδ_2) A^{(2)}_{++−}|_{NR} , (6.4)

with I the identity matrix and the matrices

T_c = 1 3 ( 1 1 1 −2 ) , T_n = 1 3 ( 0 1 −3 1 ) (6.5)

projecting the final state with I = 1 into the symmetric–non-symmetric basis [17]. The subscript R (NR) means that the re-scattering effects have (not) been included. In these definitions the matrix R, δ_2 and the amplitudes A^{(i)} depend on s_1, s_2 and s_3.

Up to linear terms in y, equation (6.4) is equivalent to ( −α_1 +^1_2 α_3 −β_1 +^1_2 β_3 ) R = ( I+ i R ) ( −α_1 +^1_2 α_3 −β_1 +^1_2 β_3 ) NR , ( α_1 + α_3 β_1 + β_3 ) R = (I+ iR) ( α_1 + α_3 β_1 + β_3 ) NR , γ_{3,R} = (1 + iδ_2) γ_{3,NR} . (6.6)

– 15 –

Here, the matrix R and δ_2 are functions of the meson masses and the pion decay coupling. At lowest order in the chiral counting they are given by

R^{LO} = 1 32πF^2_0 √ m^2_K − 9m^2_π m^2_K + 3m^2_π

(_1 3 (9m^2_π + 2m^2_K ) 0 1 3 m^2_K −5^{m2π (m4K −27m4π )}

(m^2_K +3m^2_π )(m^2_K −9m^2_π ) ) (6.7)

and δ^{LO}_2 = − 1 96πF^2_0 m^2_K √ m^2_K − 9m^2_π m^2_K + 3m^2_π

(6.8)

in agreement with [22].

If we substitute the values of the masses and the coupling constant F_0, we get

R^{LO} = ( 0.136 0 0.050 −0.143 ) , δ^{LO}_2 = −0.050 . (6.9)

We have also obtained the phase δ^{NLO}_2 and two combinations of the R^{NLO} matrix elements at NLO when including the dominant FSI from two-bubbles obtained as explained before. The determination of all the elements of R^{NLO} would require the calculation of the FSI at NLO for all the amplitudes in (6.1) –we only have done the charged Kaon decays. The analytical expressions for these NLO quantities are given in appendix E.5. Numerically, we get ( −α_1 +^1_2 α_3 ) R ( −α_1 +^1_2 α_3 ) NR | | | | NLO = 1 + i 0.156 , ( −β_1 +^1_2 β_3 ) R ( −β_1 +^1_2 β_3 ) NR | | | | NLO = 1 + i 0.569 , and δ^{NLO}_2 = −0.104 . (6.10)

6.2 Results on the asymmetries in the slope g

As we have seen in section 5, the electroweak contribution to Δg at LO proportional to Im(e^2G_E ) is at most around 10% of the leading contribution proportional to G_8 while Re(e^2G_E ) generates a negligible contribution. We include in our results the NLO absorptive part of the electroweak amplitude which is proportional to Im(e^2G_E ). The rest of the electroweak amplitude is just used in the estimate of the errors.^1.

In order to study the NLO effects in g_{C(N)} and Δg_{C(N)}, it is convenient to introduce

|A(K^+ → 3 π)|^2 = A^+_0 + y A^+_y + O(x, y^2) , |A(K^− → 3 π)|^2 = A^−_0 + y A^−_y + O(x, y^2) , (6.11)

1The expressions for the order e^2p^0 and e^2p^2 contributions to all the decay K → 3π amplitudes are in appendix B.1.

– 16 –

Δg^{NLO}_C (10^{−5}) ΔΓ^{NLO}_C (10^{−6}) Δg^{NLO}_N (10^{−5}) ΔΓ^{NLO}_N (10^{−6}) ~K_i(M_ρ) from table 2 −2.4 ± 1.2 [−11, 9] 1.1 ± 0.7 [−9, 11] ~K_i(M_ρ) = 0 −2.4 ± 1.3 1.0 ± 0.7 0.9 ± 0.5 4.0 ± 3.2

Table 6: CP-violating predictions for the slope g and the decay rates Γ at NLO in CHPT. The details of the calculation are in section 6. The inputs used for Im G_8 and Im(e^2G_E ) are in (3.11) and (3.7), respectively.

so that

g[K^{+(−)} → 3π] =

A^{+(−)}_y A^{+(−)}_0 ,

Δg =

A^+_y A^−_0 − A^+_0 A^−_y A^+_y A^−_0 + A^+_0 A^−_y

. (6.12)

Notice that the numerator and denominator in (6.12) are not the same as the difference g[K^+ → 3π] − g[K^− → 3π] and the sum g[K^+ → 3π] + g[K^− → 3π] respectively. At NLO, the sum A^+_y A^−_0 +A^+_0 A^−_y does not contain the FSI at NLO since they are part of the order p^6 contributions, i.e. of the next-to-next-to-leading order effects for the real parts. However, the difference A^+_y A^−_0 − A^+_0 A^−_y is proportional to the imaginary part of the amplitudes, therefore to have it at NLO we must take into account the FSI phases, i.e. we need to include the FSI at NLO only in the imaginary part.

The analytical expressions of the functions A^{+(−)}_0 and A^{+(−)}_y at NLO are collected for the charged and the neutral Kaon cases in appendix C. From these expressions, we get the following numerical results

Δg^{NLO}_C ≃ [ 0.66 Im G_8 + 4.33 Im ~K_2 − 18.11 Im ~K_3 − 0.07 Im(e^2G_E ) ] × 10^{−2} ,

Δg^{NLO}_N ≃ − [ 0.04 Im G_8 + 3.69 Im ~K_2 + 26.29 Im ~K_3 + 0.05 Im(e^2G_E ) ] × 10^{−2} . (6.13)

Where we have used the values for Re ~K_i from the fit to CP-conserving K → 3π amplitudes [10]. The NLO counterterms Im G_8, Im(e^2G_E ) and Im ~K_3 are scale independent. In (6.13), we have fixed the remaining scale dependence from Im ~K_2 at μ = M_ρ. For the only two unknown counterterms Im ~K_2 and Im ~K_3, we have made two estimates of their effects. First, using (3.13) as explained in section 3. The other estimate of the effects of Im ~K_2 and Im ~K_3 is to put them to zero and to vary their known scale dependence between μ = M_ρ and μ = 1.5 GeV. We include the induced variation as a further uncertainty in our predictions.

Our final results for the slope g asymmetries at NLO are in table 6. The central values are obtained with the input values in table 2 and the uncertainty includes the uncertainties of Im G_8, Im(e^2G_E ), the uncertainties of the counterterms quoted in table 2, the variation due to the scale explained above and the error due to the electroweak corrections.

The contribution of the order p^4 counterterms Im ~K_i to Δg_C is around 25% using the values in table 2 and the dominant contribution is the term proportional to Im G_8. For Δg_N we find a much larger dependence on the values of the Im ~K_i. Of course, since Im ~K_i

– 17 – are unknown these results should be taken just as order of magnitude results, a factor of two or three could not be unreasonable for Δg_C and Δg_N . The contribution of Im(e^2G_E ) is smaller than a 10% of the dominant one for both Δg_C and Δg_N .

6.3 Results on the asymmetries in the decay rates

We also only include NLO absorptive electroweak effects proportional to Im(e^2G_E ) for the same reasons explained in the previous subsection. The analytical functions |A^{NLO}_{C(N)}|^2 and Δ|A^{NLO}_{C(N)}|^2 needed to obtain the asymmetries in (5.3) at NLO are given in (D.6). Also as explained in the previous subsection, one should consistently not include FSI at NLO, which are order p^6, in the squared amplitudes |A^{NLO}_{C(N)}|^2 since they are part of the next-to-next-to-leading order corrections. On the contrary, one has to include FSI at NLO in the differences Δ|A^{NLO}_{C(N)}|^2 since these differences are proportional to the FSI phases.

The results obtained numerically from (D.6) in terms of the imaginary part of the counterterms are

ΔΓ^{NLO}_C ≃ [ −2.8 Im G_8 + 49.2 Im ~K_2 + 103.6 Im ~K_3 + 0.2 Im(e^2G_E ) ] × 10^{−3} ,

ΔΓ^{NLO}_N ≃ [ −3.1 Im G_8 + 45.7 Im ~K_2 + 56.3 Im ~K_3 + 0.12 Im(e^2G_E ) ] × 10^{−3} . (6.14)

In both cases the final value of the asymmetry is strongly dependent on the exact value of the Im ~K_i due to large cancellations in the contribution proportional to Im G_8. If we use the uncertainties quoted in table 6 for Im ~K_i, the induced errors in ΔΓ_C and ΔΓ_N are over 100%. In table 6, we just quote therefore ranges for the two decay rates CP-violating asymmetries.

7. Comparison with earlier work and conclusions

7.1 Comparison with earlier work

The asymmetries Δg_C and Δg_N have been discussed in the literature before finding conflicting results. The rather large result

|Δg_C | ≃ |Δg_N | ≃ 140.0 × 10^{−5} , (7.1)

was found in [16].

The upper bounds |Δg_C | ≤ 0.7 × 10^{−5} , (7.2)

at LO and |Δg_C | ≤ 4.5 × 10^{−5} , (7.3)

at NLO were found in [17]. The NLO bound was obtained making plausible assumptions since no full NLO result in CHPT was used.

In [18], Δg_C ≃ −0.16 × 10^{−5} , (7.4)

– 18 – was found at LO and

Δg_C ≃ −(0.23 ± 0.06) × 10^{−5} and Δg_N ≃ (0.13 ± 0.04) × 10^{−5} (7.5)

in [19] also at LO. The authors of [18, 19] also made some estimate of the NLO corrections and arrived to the conclusion that they could increase their LO result up to one order of magnitude. But again no full NLO calculation in CHPT was used.

The asymmetries ΔΓ_C and ΔΓ_N have also been discussed before and the results found were also in conflict among them:

|ΔΓ_C | ≃ 31.0 × 10^{−6} and |ΔΓ_N | ≃ 100.0 × 10^{−6} , (7.6)

in [16] , ΔΓ_C ≃ −0.04 × 10^{−6} , (7.7)

in [18],

ΔΓ_C ≃ −(0.06 ± 0.02) × 10^{−6} and ΔΓ_N ≃ (0.24 ± 0.08) × 10^{−6} (7.8)

in [19], and ΔΓ_C ≃ −1.0 × 10^{−6} , (7.9)

in [21] –where we have used sin(δ_{SM} ) ≃ 0.85 [52]. The result in [16] was claimed to be at one–loop, however they did not use CHPT fully at one–loop. We find, in general, that the results in [16] are overestimated as already pointed out in [17]–[21]. See [17] where some explanations for this large discrepancy are discussed.

The results in [17, 18, 19] were reviewed in [53]. They used factorizable values for Im G_8 and Im G_E , i.e. the couplings in (3.4), therefore their results have to be compared with the first row in table 5. The reason of the difference between their results and ours is due mainly to the fact that these authors obtain the value of Re G_8 using the experimental value for the isospin I=0 K → ππ amplitude Re a_0. This amplitude Re a_0 contains large higher order in CHPT corrections. Corrections of similar size occur also in Im a_0 when considered at all orders. However the authors used analytic LO formulas for Im a_0 as well as for the imaginary parts of K → 3π amplitudes. This asymmetric procedure of considering the real parts of the amplitudes experimentally and the imaginary parts analytically just at LO leads to a value for Re G_8 which is overestimated. Therefore the CP violating asymmetries at LO are underestimated in [17, 18, 19]. The same comments apply to the predictions of ε^′_K in those references as emphasized in [48]. Our result in tables 5 and 6 fulfill numerically the upper bound found in [17] for Δg_C at NLO but not the upper bound found there at LO because of the same reason explained above.

The results in [21] were obtained at NLO using the linear σ-model. Recently, there was an update of those results in [20]:

Δg_C ≃ −(3.4 ± 0.6) × 10^{−5} , (7.10)

at LO and Δg_C ≃ −(4.2 ± 0.8) × 10^{−5} , (7.11)

– 19 – at NLO in the linear σ-model. It is , however, unclear from the text, the values used for the gluonic and the electroweak penguins matrix elements to get those results. Though the LO result in (7.10) agrees numerically with our result in table 5, we do not agree analytically with the results in [20] when the author says that the electroweak penguins contribution at LO is as much as 34% of the gluonic penguins contribution. We find that the electroweak penguin contribution is one order of magnitude suppressed with respect to the gluonic one.

7.2 Conclusions We have performed the first full analysis at NLO in CHPT of the CP-violating asymmetries in the slope g and the decay rate Γ for the disintegration of charged Kaons into three pions. We have done the full order p^4 calculation for K → 3π and completely agree with the recent results in [10]. To give the CP-asymmetries at NLO, one needs the FSI phases at NLO also, i.e. at two loops. We have calculated the dominant two-bubble contributions using the optical theorem and the known one-loop and tree level results in appendix E as explained in section 6.1. Due to the small phase space available for the re-scattering effects of the final tree pions one expects the rest of the FSI to be very suppressed. We have included this contribution in our final numbers. As a byproduct, we have predicted the isospin I=2 FSI phase at NLO and two combinations of matrix elements of the isospin I=1 FSI re-scattering matrix R at NLO. They can be found numerically in section 6.1 and analytically in appendix E.5. We have given analytical expressions for all the results in the appendices B, C, D, and E.

Our final results at LO can be found in table 5 and at NLO in table 6. If we use the counterterms in table 2, we find NLO corrections of the expected size, i.e. around 20%, for Δg_C and Δg_N . With those values for the NLO counterterms, the CP-violating asymmetry Δg_C is dominated by the value of Im G_8 while the rest of the CP-violating asymmetries studied here, namely, Δg_N , ΔΓ_C and ΔΓ_N , are dominated by the value of Im ~K_2 and Im ~K_3.

Of course, our results in table 6 depend on the size of Im ~K_2 and Im ~K_3. If their values are within a factor two to three the ones in table 2 then the central value of Δg_C changes within the quoted uncertainties for it, while the central value for Δg_N doubles. The asymmetries in the decay rates ΔΓ_C and ΔΓ_N can change even sign if we vary Im ~K_2 and Im ~K_3 within the uncertainties quoted in table 2. Therefore, we have presented for them just ranges.

We partially disagree with references [17, 19, 53] when the authors claim that one could expect one order of magnitude enhancement at NLO in all the asymmetries studied here. We find that for Δg_C and Δg_N the NLO corrections are of the order of 20% to 30% . Only ΔΓ_C and ΔΓ_N can vary of one order of magnitude and even change sign depending on the value of Im ~K_2 and Im ~K_3. We also find that Δg_C can be as large as −4 × 10^{−5} both at LO and NLO while in the conclusions of [17, 19, 53] it was claimed that any of these asymmetries could not exceed 10^{−5} within the Standard Model.

In section 5.2, we found that making the cut proposed in [13, 14] for the energy of the pion with charge opposite to the decaying Kaon, there is one order of magnitude enhancement for ΔΓ_C in agreement with the claims in those references. This result is

– 20 – however valid for our LO calculation. It remains unclear whether the cut can provide a real advantage at NLO since in this case the cancellation among the various counterterm contributions can mask the effect. In addition, it remains to see how feasible is to perform this cut experimentally. We do not find this enhancement for ΔΓ_N .

The measurement of these CP-violating asymmetries by NA48 at CERN and/or by KLOE at Frascati and/or elsewhere at the level of 10^{−4} to 10^{−5} will be extremely interesting for many reasons. The combined analysis of all four CP-violating asymmetries Δg_C , Δg_N , ΔΓ_C and ΔΓ_N can allow to obtain more information on the values of the presently poorly known Im G_8, and the unknown Im ~K_2 and Im ~K_3. Due to the different dependence on these parameters, if the measurement is good enough, one can try to fix Im ~K_2 and Im ~K_3 from the measurement of the asymmetries Δg_N , ΔΓ_C and ΔΓ_N which are dominated by the order p^4 counterterms and use them to predict more accurately Δg_C .

The large dependence of the asymmetry Δg_C of Im G_8 at NLO can also be used as consistency check between the theoretical predictions for Δg_C and for the CP-violating parameter ε^′_K . Any prediction for ε^′_K has to be also able to predict the CP-violating asymmetries discussed here. In particular, the measurement of Δg_C may also shed light on a possible large value for Im G_8 as found in calculations at NLO in 1/N_c –see for instance [40, 44, 45].

Moreover, it seems that some models beyond the Standard Model can reach values not much larger than 1 × 10^{−4} for the CP-violating asymmetries, see for instance [54]. Our results can help to distinguish new physics effects from the Standard Model ones in these observables and unveil beyond the Standard Model physics.

Acknowledgments

We want to thank Hans Bijnens for useful comments and reading the manuscript and Toni Pich for encouragement and discussions. I.S. acknowledges also conversations with Gilberto Colangelo. This work has been supported in part by the European Union RTN Grant No HPRN-CT-2002-00311 (EURIDICE). e.g. is indebted to MECD (Spain) for a F.P.U. fellowship. The work of e.g. and J.P. has been supported in part by MCYT (Spain) under Grants No. FPA2000-1558 and HF2001-0116 and by Junta de Andalucía Grant No. FQM-101. The work of I.S. has been supported in part by the Swiss National Science Foundation and RTN, BBW-Contract No. 01.0357.

A. ΔS = 1 chiral lagrangian

At next to leading order, the SU(3) × SU(3) chiral lagrangian describing K → 3π decays is given by

L^{(4)}_{|ΔS|=1} = CF^2_0 Re G_8{N_1O^8_1 + N_2O^8_2 + N_3O^8_3 + N_4O^8_4 + N_5O^8_5 + N_6O^8_6 + N_7O^8_7 + (A.1) + N_8O^8 + N_9O^8_9 + N_{10}O^8_{10} + N_{11}O^8_{11} + N_{12}O^8_{12} + N_{13}O^8_{13}} + h.c.

– 21 – for the octet part [8, 55, 56],

L^{(4)}_{|ΔS|=1} = CF^2_0 G_{27}{D_1O^{27}_1 + D_2O^{27}_2 + D_4O^{27}_4 + D_5O^{27}_5 + D_6O^{27}_6 + D_7O^{27}_7 + (A.2) +D_{26}O^{27}_{26} + D_{27}O^{27}_{27} + D_{28}O^{27}_{28} + D_{29}O^{27}_{29}D_{30}O^{27}_{30} + D_{31}O^{27}_{31}} + h.c.

for the 27-plet part [8, 55] and

L^{(4)}_{|ΔS|=1} = Ce^2F^4_0 Re G_8{Z_1O^{EW}_1 + Z_2O^{EW}_2 + Z_3O^{EW}_3 + Z_4O^{EW}_4 + Z_5O^{EW}_5 Z_6O^{EW}_6 + + Z_7O^{EW}_7 + Z_8O^{EW}_8 + Z_9O^{EW}_9 + Z_{10}O^{EW}_{10} + + Z_{11}O^{EW}_{11} + Z_{12}O^{EW}_{12} + Z_{13}O^{EW}_{13} + Z_{14}O^{EW}_{14} } + h.c. (A.3) for the electroweak part with the dominant octet structure [57].

The octet operators are

O^8_1 = tr(Δ_{32}u_μu^μu_ν u^ν ) , O^8_2 = tr(Δ_{32}u_μu_ν u^ν u^μ) , O^8_3 = tr(Δ_{32}u_μu_ν ) tr(u^μu^ν ) , O^8_4 = tr(Δ_{32}u_μ) tr(u_ν u^μu^ν ) , O^8_5 = tr (Δ_{32}(χ_+u_μu^μ + u_μu^μχ_+)) , O^8_6 = tr(Δ_{32}u_μ) tr(u^μχ_+) , O^8_7 = tr(Δ_{32}χ_+) tr(u_μu^μ) , O^8 = tr(Δ_{32}u_μu^μ) tr(χ_+) , O^8_9 = tr (Δ_{32}(χ_−u_μu^μ − u_μu^μχ_−)) , O^8_{10} = tr(Δ_{32}χ_+χ_+) , O^8_{11} = tr(Δ_{32}χ_+) tr(χ_+) , O^8_{12} = tr(Δ_{32}χ_−χ_−) , O^8_{13} = tr(Δ_{32}χ_−) tr(χ_−) . (A.4) The 27-plet operators are O^{27}_1 = t^{ij,kl} tr (Δ_{ij} χ_+) tr (Δ_{kl}χ_+) , O^{27}_2 = t^{ij,kl} tr (Δ_{ij} χ_−) tr (Δ_{kl}χ_−) , O^{27}_4 = t^{ij,kl} tr (Δ_{ij} u_μ) tr (Δ_{kl} (u^μχ_+ + χ_+u^μ)) , O^{27}_5 = t^{ij,kl} tr (Δ_{ij} u_μ) tr (Δ_{kl} (u^μχ_− − χ_−u^μ)) , O^{27}_6 = t^{ij,kl} tr (Δ_{ij} χ_+) tr (Δ_{kl}u^μu_μ) , O^{27}_7 = t^{ij,kl} tr (Δ_{ij} u_μ) tr (Δ_{kl}u^μ) tr (χ_+) , O^{27}_{26} = t^{ij,kl} tr (Δ_{ij} u^μu_μ) tr (Δ_{kl}u^ν u_ν ) , O^{27}_{27} = t^{ij,kl} tr (Δ_{ij} (u_μu_ν + u_ν u_μ)) tr (Δ_{kl} (u^μu^ν + u^ν u^μ)) , O^{27}_{28} = t^{ij,kl} tr (Δ_{ij} (u_μu_ν − u_ν u_μ)) tr (Δ_{kl} (u^μu^ν − u^ν u^μ)) , O^{27}_{29} = t^{ij,kl} tr (Δ_{ij} u_μ) tr (Δ_{kl}u_ν u^μu^ν ) , O^{27}_{30} = t^{ij,kl} tr (Δ_{ij} u_μ) tr (Δ_{kl} (u^μu_ν u^ν + u_ν u^ν u^μ)) , O^{27}_{29} = t^{ij,kl} tr (Δ_{ij} u_μ) tr (Δ_{kl}u^μ) tr (u_ν u^ν ) . (A.5)

– 22 –

The dominant octet electroweak operators are

O^{EW}_1 = tr ( Δ_{32} { u^†Qu, χ_+ }) , O^{EW}_2 = tr ( Δ_{32}u^†Qu ) tr (χ_+) ,

O^{EW}_3 = tr ( Δ_{32}u^†Qu ) tr ( χ_+u^†Qu ) , O^{EW}_4 = tr (Δ_{32}χ_+) tr ( QU^†QU ) , O^{EW}_5 = tr (Δ_{32}u^μu_μ) , O^{EW}_6 = tr ( Δ_{32} { u^†Qu, u^μu_μ }) , O^{EW}_7 = tr (Δ_{32}u^μu_μ) tr ( QU^†QU ) , O^{EW}_8 = tr (Δ_{32}u^μ) tr ( Qu^†u_μu ) , O^{EW}_9 = tr (Δ_{32}u^μ) tr ( Quu_μu^† ) , O^{EW}_{10} = tr (Δ_{32}u^μ) tr ({ uQu^†, u^†Qu } u_μ ) , O^{EW}_{11} = tr ( Δ_{32} { u^†Qu, u^μ }) tr ( uQu^†u_μ ) , O^{EW}_{12} = tr ( Δ_{32} { u^†Qu, u^μ }) tr ( u^†Quu_μ ) , O^{EW}_{13} = tr ( Δ_{32}u^†Qu ) tr (u^μu_μ) , O^{EW}_{14} = tr ( Δ_{32}u^†Qu ) tr ( u^†Quu_μu^μ ) . (A.6)

We have done the NLO calculation in the presence of strong interactions which at LO

order are described by [2, 3]

L^{(2)} =

F^2_0 4 [tr(u_μu^μ) + tr(χ_+)] ; (A.7)

at NLO, the SU(3) × SU(3) strong chiral lagrangian needed in K → 3π decays is given by

L^{(4)} = L_1 tr(u_μu^μ)^2+L_2 tr(u^μu^ν ) tr(u_μu^ν )+L_3 tr(u^μu_μu^ν u_ν )+

+L_4 tr(u^μu_μ) tr(χ_+)+L_5 tr(u^μu_μχ_+)+L_6 tr(χ_+) tr(χ_+) +

+L_7 tr(χ_−) tr(χ_−)+ 1 2 L_8 tr(χ_+χ_+ + χ_−χ_−) . (A.8)

B. K → 3π amplitudes at NLO

A general way of writing the decay amplitude for K^+ → 3π at NLO including FSI effects

also at NLO is

A(K^+ → 3π) (s_1, s_2, s_3) = G_8 a_8(s_1, s_2, s_3) + G_{27} a_{27}(s_1, s_2, s_3) + e^2G_E a_E (s_1, s_2, s_3) +

+F^{(4)}( ~K_i, Z_i, s_1, s_2, s_3) + i F^{(6)}( ~K_i, Z_i, s_1, s_2, s_3) . (B.1)

While for the corresponding CP conjugate the amplitude is

A(K^− → 3π) (s_1, s_2, s_3) = G^∗_8 a_8(s_1, s_2, s_3) + G_{27} a_{27}(s_1, s_2, s_3) + e^2G^∗_E a_E (s_1, s_2, s_3) +

+F^{(4)}( ~K^∗_i , Z^∗_i , s_1, s_2, s_3) + i F^{(6)}( ~K^∗_i , Z^∗_i , s_1, s_2, s_3) . (B.2)

The energies s_i are defined in section 2, the ~K_i and Z_i are counterterms appearing at O(p^4)

and O(e^2p^2) respectively, see table 1 and (A.3) for definitions. The functions F^{(4)}(s_1, s_2, s_3)

and F^{(6)}(s_1, s_2, s_3) are

F^{(4)}( ~K_i, Z_i, s_1, s_2, s_3) = ∑ i=1,11 H^{(4)}_i (s_1, s_2, s_3) ~K_i + ∑ i=1,14 J^{(4)}_i (s_1, s_2, s_3)Z_i ,

F^{(6)}( ~K_i, Z_i, s_1, s_2, s_3) = ∑ i=1,11 H^{(6)}_i (s_1, s_2, s_3) ~K_i + ∑ i=1,14 J^{(6)}_i (s_1, s_2, s_3)Z_i . (B.3)

– 23 –

The complex functions a_i can be written in terms of real functions as

a_i (s_1, s_2, s_3) = B_i(s_1, s_2, s_3) + i C_i(s_1, s_2, s_3) (B.4)

B_i(s_1, s_2, s_3) and C_i(s_1, s_2, s_3) are real functions corresponding to the dispersive and absorptive amplitudes respectively and admit a CHPT expansion

B_i(s_1, s_2, s_3) = B^{(2)}_i (s_1, s_2, s_3) + B^{(4)}_i (s_1, s_2, s_3) + O(p^6) , C_i(s_1, s_2, s_3) = C^{(4)}_i (s_1, s_2, s_3) + C^{(6)}_i (s_1, s_2, s_3) + O(p^8) , (B.5)

where the superscript (2n) indicates that the function is O(p^{2n}) in CHPT.

The functions B^{(2)}_i , B^{(4)}_i , C^{(4)}_i and the part depending on ~K_i of F^{(4)} in (B.1) and (B.5) for i = 8, 27, which correspond to the CP-conserving amplitudes up to order O(p^4) and without electroweak corrections, that is,

A(K → 3π) = Re G_8 ( B^{(2)}_8 (s_1, s_2, s_3) + B^{(4)}_8 (s_1, s_2, s_3) + iC^{(4)}_8 (s_1, s_2, s_3) ) + +G_{27} ( B^{(2)}_{27} (s_1, s_2, s_3) + B^{(4)}_{27} (s_1, s_2, s_3) + iC^{(4)}_{27} (s_1, s_2, s_3) ) + +F^{(4)}(Re ~K_i, s_1, s_2, s_3) (B.6)

were obtained in [10]. We calculated these amplitudes for all the decays defined in (2.5) and got total agreement with [10]. The explicit expressions can be found there taking into account that the relation between the functions defined here and those used in [10] is, for the charged Kaon decays,

M_{10}(s_3) + M_{11}(s_1) + M_{11}(s_2) + M_{12}(s_1)(s_2 − s_3) + M_{12}(s_2)(s_1 − s_3) = = Re G_8 ( B^{(2)}_8 +B^{(4)}_8 +iC^{(4)}_8 ) (++−)

+ G_{27} ( B^{(2)}_{27} +B^{(4)}_{27} +iC^{(4)}_{27} ) (++−)

+ F^{(4)}_{(++−)} ,

M_7(s_3) + M_8(s_1) + M_8(s_2) + M_9(s_1)(s_2 − s_3) + M_9(s_2)(s_1 − s_3) =

= Re G_8 ( B^{(2)}_8 +B^{(4)}_8 +iC^{(4)}_8 ) (00+)

+ G_{27} ( B^{(2)}_{27} +B^{(4)}_{27} +iC^{(4)}_{27} ) (00+)

+ F^{(4)}_{(00+)} . (B.7)

The functions B^{(2)}_i , B^{(4)}_i , C^{(4)}_i and the part depending on ~K_i of F^{(4)} in (B.1) and (B.5) were calculated for i = 8, 27 in [10]. We calculated these quantities and got total agreement with [10], the explicit expressions can be found there. The functions C^{(6)}_i (s_1, s_2, s_3) (for i=8,27) and F^{(6)} are associated to FSI at NLO coming from two loops diagrams and are discussed in appendix E.

We have also calculated the contributions of order e^2p^0 and e^2p^2 from the CHPT lagrangian in (2.1) and (A.3) in presence of strong interactions for all the K → 3π transitions, that fix the functions B^{(2)}_E , B^{(4)}_E , C^{(4)}_E and J^{(4)}_i . The results are in the next subsection.

In order to calculate the asymmetries in the slope g defined in (2.7) we need to expand these amplitudes in powers of the Dalitz plots variables x and y, x ≡ s_1 − s_2 m^2_{π+} and y ≡ s_3 − s_0 m^2_{π+}

. (B.8)

– 24 –

The notation we are going to use here is

G^{(2n)}_i (s_1, s_2, s_3) = G^{(2n)}_{i,0} + y G^{(2n)}_{i,1} + O(x, y^2) ; (B.9)

where the function G_i(s_1, s_2, s_3) can be any of the functions B_i(s_1, s_2, s_3), C_i(s_1, s_2, s_3) defined in (B.4) or H_i(s_1, s_2, s_3), J_i(s_1, s_2, s_3) in (B.3). The coefficients G^{(2n)}_{i,0(1)} are real quantities that depend on the masses m^2_π, m^2_K , the pion decay constant and the strong counterterm couplings of O(p^4), i.e., L^r_i .

B.1 O(e^2p^0) and O(e^2p^2) contributions

Here we give the order e^2p^0 and e^2p^2 contributions to all the K → 3π amplitudes without including virtual photon loops ones. We do not give the order e^2p^2 contributions from one order e^2p^0 ΔS = 0 vertex when it is inserted in the external Kaon and pion lines since these contributions are mainly responsible of the m^2_{π+} − m^2_{π0} and m^2_{K+} − m^2_{K0} mass differences and we take physical masses for them.

Electroweak interactions break in general isospin symmetry. An isospin decomposition which is valid up to order e^2p^2 at least, is the following

A_{++−}(s_1, s_2, s_3) = 2A_{c,+}(s_1, s_2, s_3) + B_c(s_1, s_2, s_3) + B_{t,+}(s_1, s_2, s_3) , A_{00+}(s_1, s_2, s_3) = A_{c,0}(s_1, s_2, s_3) − B_c(s_1, s_2, s_3) + B_{t,+}(s_1, s_2, s_3) ,

A^1_{+−0}(s_1, s_2, s_3) = C^R_0 (s_1, s_2, s_3) + 2 3 [ B^R_{t,0}(s_3, s_2, s_1) − B^R_{t,0}(s_3, s_1, s_2) ] + +A^I_{n,+}(s_1, s_2, s_3) − B^I_n(s_1, s_2, s_3) ,

A^2_{+−0}(s_1, s_2, s_3) = C^I_0 (s_1, s_2, s_3) + 2 3 [ B^I_{t,0}(s_3, s_2, s_1) − B^I_{t,0}(s_3, s_1, s_2) ] + +A^R_{n,+}(s_1, s_2, s_3) − B^R_n (s_1, s_2, s_3) , A^1_{000}(s_1, s_2, s_3) = 3A^I_{n,0}(s_1, s_2, s_3) , A^2_{000}(s_1, s_2, s_3) = 3A^R_{n,0}(s_1, s_2, s_3) , (B.10)

where A_c, A_n, B_c and B_n describe I = 1 final states, B_t the I = 2 one and C_0 the I = 0 one. In (B.10) the superindex R means that only the real part of the counterterms appear in these functions and the superindex I that only the imaginary part is present. In the following we give the order e^2p^2 and e^2p^0 contributions to the functions defined in (B.10).

In order to write the formulas in a concise form we define C_{ew} ≡ −i 3 5 G_F √ 2 V_{ud}V^∗_{us} F^6_0 f_K f^3_π e^2G_E , C^R_{ew} ≡ −i 3 5 G_F √ 2 V_{ud}V^∗_{us} F^6_0 f_K f^3_π

Re(e^2G_E ) , C^I_{ew} ≡ 3 5 G_F √ 2 V_{ud}V^∗_{us} F^6_0 f_K f^3_π

Im(e^2G_E ) ,

Δ ≡ m^2_K − m^2_π , (B.11) B^{LP}_k ≡ B(m_L, m_P , s_k) , B^{LP} ≡ B(m_L, m_P , s) , (B.12) D^{LP}_k = B_1(m_L, m_P , s_k) , D^{LP} ≡ B_1(m_L, m_P , s) , (B.13)

– 25 – ν_L ≡ m^2_L 16π^2 ln ( m_L ν ) , (B.14)

where L, P = π, K, η and k = 1, 2, 3. The functions B(m_L, m_P , s_k) and B_1(m_L, m_P , s_k) can be found, e.g., in [58]. The constants C^{R(I)}_{ew} must be used instead of C_{ew} in the functions with superindex R or I, respectively.

B.1.1 Electroweak contributions at O(e^2p^0)

A_{n,+}(s_1, s_2, s_3) = A_{n,0}(s_1, s_2, s_3) = 0 , A_{c,+}(s_1, s_2, s_3) = A_{c,0}(s_1, s_2, s_3) = −C_{ew} ,

B_n(s_1, s_2, s_3) = C_{ew} 2Δ (s_1 + s_2 − 2s_3) ,

B_{t,+}(s_1, s_2, s_3) = B_{t,0}(s_1, s_2, s_3) = − C_{ew} 4Δ (s_1 + s_2 − 2s_3) ,

B_c(s_1, s_2, s_3) = C_{ew} 4Δ (s_1 + s_2 − 2s_3) , C_0(s_1, s_2, s_3) = 0 . (B.15)

B.1.2 Electroweak loop contributions at O(e^2p^2) We checked that the electroweak loops at order e^2p^2 do not break the isospin symmetry and A_{n,+}(s_1, s_2, s_3) = A_{n,0}(s_1, s_2, s_3) = A_n(s_1, s_2, s_3) , A_{c,+}(s_1, s_2, s_3) = A_{c,0}(s_1, s_2, s_3) = A_c(s_1, s_2, s_3) , B_{t,+}(s_1, s_2, s_3) = B_{t,0}(s_1, s_2, s_3) = B_t(s_1, s_2, s_3) . (B.16)

We get A_n|_{Zi=0} = C_{ew} f^2_π ∑ i=1,2,3 S_0(s_i) , (B.17)

with

S_0(s) = 1 36 (m^2_K + 11 m^2_π) ( 1 Δ + 1 s ) (ν_K − ν_π) − − 1 72Δ [ 3(3s − m^2_K − 3m^2_π)(sB^{KK} + 4(m^2_π − s)B^{ππ}) + + (Δ2 s (m^2_K + 11m^2_π) − 7m^4_K + 26m^2_K m^2_π + 29m^4_π −

− s(5m^2_K + 67m^2_π) + 27s^2 ) B^{Kπ} + 8Δ(Δ + s)D^{Kπ} ] , (B.18)

A_c|_{Zi=0} = C_{ew} f^2_π 8 [ m^2_π(−L^r_5 + 8L^r_6 + 4L^r_8) + 2 3 L^r_4(m^2_K − 3m^2_π) ] + ∑ i=1,2,3 S_1(s_i)

, (B.19)

with

S_1(s) = 1 648Δ [ 8(19m^2_K − 6m^2_π)ν_η + 4(305m^2_K − 318m^2_π)(ν_K + ν_π) −

– 26 –

− 2 3s (27Δ^2 + s(217m^2_K − 435m^2_π))(ν_K − ν_π) − − 6m^2_π(−17m^2_K + 5m^2_π + 9s)B^{ηη} + 162ΔsB^{KK} + + 54(m^4_π − 10m^2_πs + 3s^2 + 3m^2_K (m^2_π + s))B^{ππ} + + 2(17m^4_K + 15m^4_π − m^2_K (68m^2_π − 43s) + 17m^2_πs − 24s^2)B^{ηK} + + (9Δ3 s + 2(73m^4_K − 206m^2_K m^2_π + 25m^4_π) + + 3(51m^2_K − 19m^2_π)s + 16s^2 ) B^{Kπ} − (B.20) − 3(−9(5m^4_K − 6m^2_K m^2_π + m^4_π) + 4(m^2_K − 3m^2_π)s + 5s^2)D^{ηK} + + (261m^4_K + 153m^4_π − 244m^2_π s + 275s^2 − m^2_K (414m^2_π + 212s))D^{Kπ} ] , C_0|_{Zi=0} = C_{ew} f^2_π [ S_2(s_1, s_2, s_3) − S_2(s_2, s_1, s_3) ] , (B.21)

with

S_2(s_1, s_2, s_3) = s_1 216Δ [ 6(2ν_η − ν_K − ν_π) + + 2 ( 3Δ(s_1 + s_2 − s_3) 1 s_1s_2 − 1 s_3

(3Δ + 41s_3) ) (ν_K − ν_π) − − 9(s_3 − 4m^2_K )B^{KK}_3 − 9(5m^2_K − m^2_π − s_3)B^{ηK}_3 + + 3 s_3

(Δ+s_3)(Δ−2s_3)B^{Kπ}_3 − 6ΔD^{ηK}_3 + 6(Δ − 2s_3)D^{Kπ}_3 ] + + 1 216Δ [ 9(4m^2_K − s_1)(s_2 − s_3)B^{KK}_1 − − (42m^4_K − 16m^4_π + m^2_K (118m^2_π − 81s_3 − 61s_1) +

+ m^2_π(9s_3 − 53s_1) + 15s_1(3s_3 + s_1))B^{ηK}_1 + + ( Δ s_1 + 1 ) (3Δ(s_1 + s_2 − s_3) − (8m^2_K + 22m^2_π − 3s_3)s_1 + + 44s^2_1)B^{Kπ}_1 − 6(m^4_K − 3m^4_π + 2m^2_π(s_3 − 5s_1) + + 2m^2_K (m^2_π − s_3 − 2s_1) + s_1(9s_3 + 2s_1))D^{ηK}_1 + (B.22) + 2(3Δ(s_1 + s_2 − s_3) − (8m^2_K + 22m^2_π − 3s_3)s_1 + 44s^2_1)D^{Kπ}_1 ] , B_t|_{Zi=0} = C_{ew} f^2_π { 1 Δ [L^r_3(s_3(s_1 + s_2) − 2s_1s_2) + 2 L^r_5(s_2 + s_1 − 2s_3)m^2_π] +

+ (S_3(s_1, s_2, s_3) + S_4(s_1, s_2, s_3) + S_4(s_2, s_1, s_3)) } , (B.23)

with

S_3(s_1, s_2, s_3) = 1 432Δ [ −9 (16π^2)

(5m^4_K +39m^4_π+4m^2_K (7m^2_π−3s_3) − 30m^2_πs_3 − 3s^2_3 − 6s_1s_2)− − 60(s_1 + s_2 − 2s_3)(ν_η + 13(ν_K + ν_π)) − − 2 Δ ( 108

s_3

Δ^2m^2_π − 31m^4_K − 26m^2_K m^2_π + 489m^4_π + + 3(49m^2_K − 157m^2_π)s_3 − 9Δ^2(m^2_K + 9m^2_π − 2s_3) ×

– 27 –

× ( 1 s_1 + 1 s_2 )) (ν_K − ν_π) − − ( 54(s_1 + s_2 − 2s_3)(2m^2_π − s_3)B^{ππ}_3 + + 2(17m^4_K + 15m^4_π − 68m^2_πm^2_K + + (17m^2_π + 43m^2_K )s_3 − 24s^2_3)B^{ηK}_3 − − (108

s_3

Δ^2m^2_π + (61m^4_K + 142m^2_K m^2_π + 13m^4_π) −

− 6(31m^2_K + 51m^2_π)s_3 + 185s^2_3 ) × × B^{Kπ}_3 +3(45m^4_K +9m^4_π−54m^2_K m^2_π+4(3m^2_π−m^2_K )s_3−5s^2_3) × × D^{ηK}_3 + (189m^4_K + 81m^4_π − 270m^2_K m^2_π +

+ (404m^2_π − 284m^2_K )s_3 + 35s^2_3)D^{Kπ}_3 )] , (B.24)

S_4(s_1, s_2, s_3) = 1 432Δ [ 54(9m^4_π + m^2_K (3m^2_π − s_1) + (s_1 − 4m^2_π)(s_3 + 2s_1))B^{ππ}_1 + + (44m^4_K + 15m^4_π + m^2_K (13m^2_π − 54s_3 − 11s_1) − 64m^2_πs_1 + 3s_1 × × (18s_3 + s_1))B^{ηK}_1 − − ( 9 Δ^2 s_1

(m^2_K + 9m^2_π − 2s_3) − m^4_K + 17m^2_K m^2_π − 16m^4_π + (B.25)

+ 9(5m^2_K + m^2_π)s_3 − 3(25m^2_K + 54m^2_π − 3s_3)s_1 + 97s^2_1 ) × × B^{Kπ}_1 −(−9Δ(8m^2_K −s_3)+3(17m^2_K + 33m^2_π − 27s_3)s_1−33s^2_1)× ×D^{ηK}_1 −(−9Δ(10m^2_K −6m^2_π+s_3)+5(23m^2_K −53m^2_π+9s_3)s_1+5s^2_1)D^{Kπ}_1 ] , B_c|_{Zi=0} = C_{ew} f^2_π { 1 Δ [ −L^r_3(s_3(s_1+s_2)−2s_1s_2)+ 2 3 (8ΔL^r_4−3m^2_πL^r_5)(s_1+s_2−2s_3) ] + + (S_5(s_1, s_2, s_3) + S_6(s_1, s_3) + S_6(s_2, s_3)) } , (B.26) with

S_5(s_1, s_2, s_3) = 1 216Δ [ 9 32π^2

(5m^4_K + 39m^4_π + 28m^2_K m^2_π − 6s_3(2m^2_K + 5m^2_π) − − 3(s^2_3 + 2s_1s_2)) + 2(55m^2_K + 189(m^2_π − s_3))ν_η + + 2(175m^2_K + 513(m^2_π − s_3))(ν_K + ν_π) + + ( 3Δ(m^2_K − 7m^2_π − 6s_3) ( 1 s_1 + 1 s_2 ) + 12Δ s_3

(m^2_K + 8m^2_π) + + 1 3Δ (163m^4_K + 554m^2_K m^2_π + 579m^4_π − 243 × × (m^2_K + 3m^2_π)s_3) ) (ν_K − ν_π) + + 4m^2_π(−17m^2_K + 5m^2_π + 9s_3)B^{ηη}_3 − 108s_3ΔB^{KK}_3 − − 9(34m^4_π − 42m^2_K m^2_π + (39m^2_K − 37m^2_π)s_3 + 3s^2_3) × × B^{ππ}_3 − 1 3 (17m^4_K + 15m^4_π − 68m^2_K m^2_π + (43m^2_K + 17m^2_π)s_3 − − 24s^2_3)B^{ηK}_3 +

– 28 –

+ 1 6 (673m^4_K − 794m^2_K m^2_π + 337m^4_π − 36 s_3

Δ^2(m^2_K + 8m^2_π) −

− 6(81m^2_K + 25m^2_π)s_3 + 101s^2_3)B^{Kπ}_3 − − 1 2 (9(5m^4_K − 6m^2_K m^2_π + m^4_π) − 4(m^2_K − 3m^2_π)s_3 − 5s^2_3)D^{ηK}_3 − − 1 6 (477m^4_K + 369m^4_π + 1556m^2_π s_3 − 445s^2_3 −

− m^2_K (846m^2_π + 284s_3))D^{Kπ}_3 ] , (B.27)

S_6(s_1, s_3) = 1 216Δ [ 2m^2_π(17m^2_K − 5m^2_π − 9s_1)B^{ηη}_1 −

− 18 ( 4m^4_K + s_1(2s_3 + s_1) + 4m^2_K (3m^2_π − 2(s_3 + s_1)) ) B^{KK}_1 − − 9(m^4_π + 3m^2_K (9m^2_π − 7s_1) + 3s_3s_1 − m^2_π(12s_3 − 8s_1))B^{ππ}_1 + + 1 6 (332m^4_K − 177m^4_π + m^2_K (781m^2_π − 594s_3 − 311s_1)+

+ 4m^2_π(27s_3 − 13s_1) + 3(54s_3 − 11s_1)s_1)B^{ηK}_1 − − 1 6 ( 9 Δ^2 s_1

(m^2_K − 7m^2_π − 6s_3)+

+ (335m^4_K + 104m^4_π − 27m^2_πs_3 − m^2_K (439m^2_π − 81s_3))−

− 3(69m^2_K + 34m^2_π − 27s_3)s_1 + 61s^2_1 ) B^{Kπ}_1 + + 1 2 (9Δ(4(m^2_K + m^2_π) − 3s_3)+

+ (7m^2_K + 39m^2_π + 27s_3)s_1 − 49s^2_1)D^{ηK}_1 + + 1 6 (9Δ(22m^2_K − 34m^2_π + 9s_3)−

− (139m^2_K − 865m^2_π + 189s_3)s_1 − 257s^2_1)D^{Kπ}_1 ] , (B.28)

B_n|_{Zi=0} = C_{ew} f^2_π { 2 Δ [ L^r_3(−s_3(s_1 + s_2) + 2s_1s_2) − 2 L^r_5(s_2 + s_1 − 2s_3)m^2_π ] + + (S_7(s_1, s_2, s_3) + S_8(s_1, s_3) + S_8(s_2, s_3)) } , (B.29)

with

S_7(s_1, s_2, s_3) = 1 144Δ [ 6 16π^2

(4m^4_K + 14m^2_K m^2_π + 6m^4_π−

− 6s_3(2m^2_K + m^2_π) − 3(2s^2_3 − s^2_1 − s^2))+ + 12(s_1 + s_2 − 2s_3)(4ν_η + 43(ν_K + ν_π))− − 4 ( Δ(m^2_K − 7m^2_π) ( 2 s_3 − 1 s_1 − 1 s_2 ) − − 12 Δ (m^4_K + 5m^2_K m^2_π + 6m^4_π − s_3(4m^2_K + 5m^2_π)) ) (ν_K − ν_π)+

– 29 –

+ 2 3 ( 18(2s_3 − s_1 − s_2)(s_3B^{KK}_3 − (2m^2_π + s_3)B^{ππ}_3 )+

+ (37m^4_K +25m^4_π−134m^2_K m^2_π+(54m^2_π+90m^2_K )s_3−63s^2_3)B^{ηK}_3 + + 6((−19m^4_K + 2m^2_K m^2_π + 29m^4_π)+ + 1 s_3

(m^6_K − 9m^4_K m^2_π + 15m^2_K m^4_π − 7m^6_π)+

+ (25m^2_K − 19m^2_π)s_3 − 3s^2_3)B^{Kπ}_3 + + (135m^4_K +6m^2_K (−27m^2_π+s_3)+3(9m^2_π−5s_3)(m^2_π+3s_3))D^{ηK}_3 + + 3(79m^4_K + 43m^4_π − 122m^2_πm^2_K +

+ (110m^2_π − 86m^2_K )s_3 + 15s^2_3)D^{Kπ}_3 )] , (B.30)

S_8(s_1, s_3) = 1 216Δ [ − 18(2m^4_K + m^2_K (6m^2_π − 4s_3 − 3s_1) − s_1(3m^2_π − s_3 − 2s_1))B^{KK}_1 −

− 18(m^2_K (7m^2_π − s_1) + 21m^4_π − 12m^2_π(s_3 + s_1) + 3s_3s_1)B^{ππ}_1 + + (−50m^4_K + m^2_K (−23m^2_π+63s_3)+(m^2_π+3s_1)(m^2_π−9s_3+6s_1))B^{ηK}_1 − − 3 ( − 19m^4_K + 20m^4_π − m^2_K (m^2_π − 6s_3)+ + 1 s_1

(m^6_K − 9m^4_K m^2_π + 15m^2_K m^4_π − 7m^6_π)+

+ (16m^2_K + 5m^2_π)s_1 − 18s^2_1 ) B^{Kπ}_1 − − 3(Δ(38m^2_K −26m^2_π+3s_3)+(−37m^2_K +67m^2_π+3s_3)s_1−21s^2_1)D^{Kπ}_1 −

− 3(3Δ(8m^2_K − s_3) + (−5m^2_K − m^2_π + 9s_3)s_1 − 3s^2_1)D^{ηK}_1 ] . (B.31)

B.1.3 Electroweak counterterm contributions at O(e^2p^2) The electroweak counterterm contributions at O(e^2p^2) break isospin symmetry and we use the decomposition in (B.10). We define the constant C^Z_{ew} = −i 3 5 G_F √ 2 V_{ud}V^∗_{us} F^6_0 f_Kf^3_π

Re G_8 . (B.32)

We get

A^Z_{c,0}(s_1, s_2, s_3) = C^Z_{ew} f^2_π { − 2(m^2_K + 5m^2_π)Z^r_1 − 2(2m^2_K + 5m^2_π)Z^r_2 + 4 3 (m^2_K − 2m^2_π)Z^r_3 + + m^2_K 9 (−3Z^r_5 − 2Z^r_7 + 6(Z^r_{11} + Z^r_{12})) − (m^2_K − 27m^2_π)

Z^r_6 9 − − 2 9 (m^2_K − 3m^2_π)(6Z^r_{13} + Z^r_{14}) } , (B.33)

A_{c,+}(s_1, s_2, s_3) = A_{c,0}(s_1, s_2, s_3) − C^Z_{ew} f^2_π

2m^2_K 3 (−6Z^r_4 + 2Z^r_7 + Z^r_{11} + Z^r_{12}) , (B.34)

B^Z_c (s_1, s_2, s_3) = C^Z_{ew} f^2_π

(s_1+s_2−2s_3) 36Δ { − 18(m^2_K + m^2_π)Z^r_1 − 18(2m^2_K + m^2_π)Z^r_2 +

– 30 –

+ Δ(12(Z^r_3 −Z^r_5 )−31Z^r_6 +4Z^r_7 +9Z^r_8 −48Z^r_{13}−8Z^r_{14})− −9(3m^2_K −2m^2_π)Z^r_9 −6m^2_K Z^r_{10}+6(4m^2_K −3m^2_π)Z^r_{11}− −6(4m^2_K −5m^2_π)Z^r_{12} } , (B.35)

B^Z_{t,0}(s_1, s_2, s_3) = C^Z_{ew} f^2_π s_1+s_2−2s_3 12Δ { 6(m^2_K + m^2_π)Z^r_1 + 6(2m^2_K + m^2_π)Z^r_2 − Δ(4Z^r_3 + 3Z^r_6 )+

+ 3(3m^2_K − 2m^2_π)Z^r_8 − 3(m^2_K − 2m^2_π)Z^r_9 + + 2m^2_K Z^r_{10} − 2m^2_πZ^r_{11} + 2(4m^2_K − 5m^2_π)Z^r_{12} } , (B.36)

B^Z_{t,+}(s_1, s_2, s_3) = B^Z_{t,0}(s_1, s_2, s_3) + C^Z_{ew} f^2_π s_1 + s_2 − 2s_3 3 (2Z^r_{11} − 4Z^r_{12} + Z^r_7 ) , (B.37)

A^Z_{n,0}(s_1, s_2, s_3) = C^Z_{ew} f^2_π m^2_K 9 (3Z^r_5 − 2Z^r_6 + 2Z^r_7 − 3Z^r_8 − 3Z^r_9 − 2Z^r_{10} + 2Z^r_{11} + 2Z^r_{12}) , (B.38)

A^Z_{n,+}(s_1, s_2, s_3) = A^Z_{n,0}(s_1, s_2, s_3) + C^Z_{ew} f^2_π

2m^2_K 3 (−6Z^r_4 + 2Z^r_7 + Z^r_{11} + Z^r_{12}) , (B.39)

B^Z_n (s_1, s_2, s_3) = − C^Z_{ew} f^2_π s_1+s_2−2s_3 18Δ { 18(m^2_K + m^2_π)Z^r_1 + 18(2m^2_K + m^2_π)Z^r_2 −

− Δ(12Z^r_3 + 6Z^r_5 + 5Z^r_6 − 8Z^r_7 )− − 3(m^2_K − 4m^2_π)(Z^r_8 +Z^r_9 ) − 2(m^2_K − 4m^2_π)Z^r_{10}+ + 2(4m^2_K − 7m^2_π)(Z^r_{11} + Z^r_{12}) } . (B.40)

C. The slope g and Δg at LO and NLO

We have checked that the following relations

• F^2_0 Re ( e^2G_E ) ≪ m^2_π Re G_8

• Im G_8 ≪ Re G_8

• Im(e^2G_E ) ≪ Re G_8

can be used in this and the next sections to simplify the analytical expressions. To obtain the numerical results included in the text we use the full expressions, with no simplifications. We have also checked that the terms disregarded with the application of these relations generate very small changes in the numbers.

Using the simplifications above, the value of g at LO can be written trivially as

g^{LO} = 2

B^{(2)}_{8,1} Re G_8 + B^{(2)}_{27,1}G_{27} + B^{(2)}_{E,1} Re(e^2G_E ) B^{(2)}_{8,0} Re G_8 + B^{(2)}_{27,0}G_{27} + B^{(2)}_{E,0} Re(e^2G_E )

. (C.1)

The expressions for B^{(2)}_{8,j} , B^{(2)}_{27,i}, and B^{(2)}_{E,i} needed above can be obtained from the expressions of the corresponding B’s for the charged Kaon decays + + − and 00+ in appendix D and expanding them as in (B.9). The results we get are in (4.2).

– 31 –

We consider now the NLO corrections to the slope g. Disregarding the tiny CPviolating we have g[K^+ → 3π] = g[K^− → 3π] at NLO we get

A^{NLO}_0 = ∑ i=8,27 ( B^{(2)}_{i,0} + B^{(4)}_{i,0} ) Re G_i + ∑ j=1,11 H^{(4)}_{j,0} Re ~K_j 2 + ∑ i=8,27 ( C^{(4)}_{i,0} Re G_i ) 2 ,

A^{NLO}_y = 2 ∑ i=8,27 ( B^{(2)}_{i,0} + B^{(4)}_{i,0} ) Re G_i + ∑ j=1,11 H^{(4)}_{j,0} Re ~K_j ×

× ∑ i=8,27 ( B^{(2)}_{i,1} + B^{(4)}_{i,1} ) Re G_i + ∑ j=1,11 H^{(4)}_{j,1} Re ~K_j +

+ ∑ i=8,27 ( C^{(4)}_{i,0} Re G_i ) × ∑ i=8,27 ( C^{(4)}_{i,1} Re G_i ) (C.2)

for the coefficients defined in (6.11).

One can get g_{C(N)} at NLO using (6.12) and the results above substituting the coefficients C^{(4)}_{i,j} , B^{(2n)}_{i,j} and H^{(4)}_{i,j} by their values calculated expanding in the Dalitz variables the results in [10].

The slope g asymmetry in (2.9) can be written at LO as Δg_{C(N)} ≃ m^2_K F^2_0

B_{C(N)} Im G_8 + D_{C(N)} Im(e^2G_E ) . (C.3)

We get

B_C = − 15 64 1 π G_{27} √ m^2_K − 9m^2_π m^2_K + 3m^2_π

14m^2_K m^2_π − 18m^4_π + 5m^4_K m^2_K (m^2_K − m^2_π)(3 Re G_8 + 2G_{27})(13G_{27} − 3 Re G_8) ,

D_C = 3 64 1 π √ m^2_K − 9m^2_π m^2_K + 3m^2_π 1 m^2_K (m^2_K − m^2_π)(3 Re G_8 + 2G_{27})(13G_{27} − 3 Re G_8) × ×[3 Re G_8(16m^2_K m^2_π − 18m^4_π + 3m^4_K ) − G_{27}(178m^2_K m^2_π − 234m^4_π + 69m^4_K )] , (C.4)

and, in the neutral case,

B_N = − 15 32 1 π G_{27} √ m^2_K − 9m^2_π m^2_K + 3m^2_π

7m^2_π + 4m^2_K E ,

D_N = 9 32 1 π Re G_8 √ m^2_K − 9m^2_π m^2_K + 3m^2_π m^2_π(18m^2_π − 7m^2_K ) m^2_K E +

+ 3 32 1 π G_{27} √ m^2_K − 9m^2_π m^2_K + 3m^2_π

36m^4_π − 119m^2_πm^2_K − 60m^4_K m^2_K E

, (C.5)

with E ≡ (3 Re G_8 + 2G_{27}) ( (19m^2_K − 4m^2_π)G_{27} + 6(m^2_K − m^2_π) Re G_8 ) . (C.6)

– 32 –

The sum A^+_y A^−_0 + A^+_0 A^−_y , necessary to get Δg at NLO using (6.11) and (6.12), can be obtained directly from (C.2) where we have neglected the small CP-violating effects.

For the difference A^+_y A^−_0 − A^+_0 A^−_y , we get

(A^+_y A^−_0 −A^+_0 A^−_y )_{NLO} = 4A_I [(A^2_R−C^2_R)D_R − 2A_RB_RC_R] + 4C_I [(A^2_R−C^2_R)B_R + 2A_RC_RD_R]+ +4(B_I C_R − D_I A_R)(A^2_R + C^2_R) , (C.7)

where A_R, B_R, C_R and D_R contain the contributions from the real parts of the counterterms

A_R = ∑ i=8,27,E ( B^{(2)}_{i,0} + B^{(4)}_{i,0} ) Re G_i + ∑ i=1,11 H^{(4)}_{i,0} Re ~K_i ,

B_R = ∑ i=8,27,E ( B^{(2)}_{i,1} + B^{(4)}_{i,1} ) Re G_i + ∑ i=1,11 H^{(4)}_{i,1} Re ~K_i ,

C_R = ∑ i=8,27,E ( C^{(4)}_{i,0} + C^{(6)}_{i,0} ) Re G_i + ∑ i=1,11 H^{(6)}_{i,0} Re ~K_i ,

D_R = ∑ i=8,27,E ( C^{(4)}_{i,1} + C^{(6)}_{i,1} ) Re G_i + ∑ i=1,11 H^{(6)}_{i,1} Re ~K_i . (C.8)

While A_I , B_I , C_I are the same expressions but substituting the real parts of the counterterms by their imaginary parts.

The coefficients B^{(2n)}_{i,0(1)}, C^{(2n)}_{i,0(1)} and H^{(2n)}_{i,0(1)} defined in (B.9) are real.

D. The quantities |A|^2 and Δ|A|^2 at LO and NLO

Here we give the results for the quantities A and ΔA defined in (4.5) and (5.4), respectively. They enter in the integrands of the decay rates Γ in (4.4) and the CP-violating asymmetries ΔΓ, see (5.3).

To simplify the analytical expressions, we have made use of the fact that the imaginary part of the counterterms is much smaller than their real parts. The |A_{C(N)}|^2 which give the asymmetries ΔΓ at LO are in (4.6).

The result for Δ|A_C |^2 at LO can be obtained substituting in (5.5) the functions B^{(2)}_i (s_1, s_2, s_3) and C^{(4)}_i (s_1, s_2, s_3) for i = 8 and i = 27 by

B^{(2)}_{8 ++−}(s_1, s_2, s_3) = i

C F^4_0 f^3_π f_K

(s_3 − m^2_K − m^2_π) ,

B^{(2)}_{27 ++−}(s_1, s_2, s_3) = i

C F^4_0 f^3_π f_K 1 3 (13m^2_π + 3m^2_K − 13s_3) ,

C^{(4)}_{8 ++−}(s_1, s_2, s_3) = i

C F^4_0 f^3_π f_K ( − 1 16πf^2_π ) × × { 1 2 [ s^2_3 − s_3(3m^2_π + m^2_K ) + 2m^2_π(m^2_K + m^2_π) ] σ(s_3)+ + 1 6 [4s^2 + s_2(−4m^2_π+2m^2_K −s_3) + m^2_π(4s_3−2m^2_K −3m^2_π)]σ(s_2)+

+ (exchange s_1 and s_2 in the second term) } ,

– 33 –

C^{(4)}_{27 ++−}(s_1, s_2, s_3) = i

C F^4_0 f^3_πf_K ( − 1 16πf^2_π ) × × { 1 6 [−13s^2_3 + 3s_3(13m^2_π + m^2_K ) − 2m^2_π(3m^2_K + 13m^2_π)]σ(s_3)+ + 1 36(m^2_K −m^2_π) [ s^2(14m^2_π + 31m^2_K )+

+s_2(26s_3(m^2_K −m^2_π)−174m^2_K m^2_π−7m^4_K +76m^4_π)+ + (104m^2_π s_3(m^2_π − m^2_K ) − 168m^6_π + 161m^2_K m^4_π+ + 67m^4_K m^2_π) ] σ(s_2)+

+ (exchange s_1 and s_2 in the second term) } , (D.1)

and B^{(2)}_E , C^{(4)}_E by

B^{(2)}_{E ++−} = i

C F^4_0 f^3_π f_K

(−2F^2_0 ) ,

C^{(4)}_{E ++−} = i

C F^4_0 f^3_π f_K ( −F^2_0 16πf^2_π ){ (2m^2_π − s_3)σ(s_3) + 1 4(m^2_K − m^2_π) × × [3s^2 + s_2(5m^2_K − 12m^2_π) + m^2_π(5m^2_π − m^2_K )]σ(s_2)+

+ (exchange s_1 and s_2 in the second term) } . (D.2)

One can get Δ|A_N |^2 at LO substituting in (5.5) the functions B^{(2)}_i (s_1, s_2, s_3) and C^{(4)}_i (s_1, s_2, s_3) for i = 8 and i = 27 by

B^{(2)}_{8 00+}(s_1, s_2, s_3) = i

C F^4_0 f^3_π f_K

(m^2_π − s_3) ,

B^{(2)}_{27 00+}(s_1, s_2, s_3) = i

C F^4_0 f^3_π f_K 1 6(m^2_K − m^2_π)

[5m^4_K + 19m^2_πm^2_K − 4m^4_π + s_3(4m^2_π − 19m^2_K )] ,

C^{(4)}_{8 00+}(s_1, s_2, s_3) = i

C F^4_0 f^3_π f_K ( − 1 16πf^2_π ) × × { 1 2 [ s^2_3 + s_3(m^2_K − m^2_π) − m^2_πm^2_K ] σ(s_3) + + 1 6 [2s^2 + s_2(s_3 − 2(4m^2_π + m^2_K ))+

+ m^2_π(−4s_3 + 5m^2_K + 9m^2_π)]σ(s_2)+

+ (exchange s_1 and s_2 in the second term) } , C^{(4)}_{27 00+}(s_1, s_2, s_3) = i

C F^4_0 f^3_π f_K ( − 1 16πf^2_π ) 1 (m^2_K − m^2_π) × × { −1 12 [ 26s^2_3(m^2_K − m^2_π) + s_3(56m^4_π − 57m^2_K m^2_π − 14m^4_K ) +

– 34 –

+ m^2_π(31m^2_K m^2_π − 30m^4_π + 19m^4_K ) ] σ(s_3)+ + 1 36 [ s^2(−8m^2_π + 38m^2_K )+ + s_2(s_3(19m^2_K −4m^2_π) − 144m^2_K m^2_π − 23m^4_K + 32m^4_π)+ + s_3(16m^2_π−76m^2_K )m^2_π − 36m^6_π + 151m^2_K m^4_π + + 65m^4_K m^2_π) ] σ(s_2)+

+ (exchange s_1 and s_2 in the second term) } , (D.3) and B^{(2)}_{E 00+} = i

C F^4_0 f^3_π f_K

F^2_0 2(m^2_K − m^2_π)

(5m^2_π − m^2_K − 3s_3) ,

C^{(4)}_{E 00+} = i

C F^4_0 f^3_π f_K ( −1 16π(m^2_K − m^2_π) ) × × { 1 4 [ s_3(8m^2_K − 5m^2_π) + m^2_π(3m^2_π − 7m^2_K ) ] σ(s_3)+ + 1 4 [ 2s^2 + s_2(s_3 − 3(m^2_K +2m^2_π)) + m^2_π(−4s_3+5m^2_π+7m^2_K ) ] σ(s_2)+ + 1 4 [ 2s^2_1 + s_1(s_3 − 3(m^2_K +2m^2_π)) + m^2_π(−4s_3+5m^2_π+7m^2_K ] σ(s_1) } . (D.4)

The function σ(s) appearing in all the formulas above is σ(s) = √ 1 − 4m^2_π s . (D.5)

In all the expressions at LO we use f_K = f_π = F_0.

At NLO, we get |A_{NLO}|^2 = [ (B^{(2)}_8 + B^{(4)}_8 ) Re G_8 + (B^{(2)}_{27} + B^{(4)}_{27} )G_{27} + ∑ i=1,11 H^{(4)}_i Re ~K_i

]_2 + + [ C^{(4)}_8 Re G_8 + C^{(4)}_{27} G_{27}

]_2 , Δ|A_{NLO}|^2 = −2 Im G_8 {[ G_{27}(B^{(2)}_{27} + B^{(4)}_{27} ) + ∑ i=1,11 H^{(4)}_i Re ~K_i ] (C^{(4)}_8 + C^{(6)}_8 ) −

− (B^{(2)}_8 + B^{(4)}_8 ) [ G_{27}(C^{(4)}_{27} + C^{(6)}_{27} ) + H^{(6)}_i Re ~K_i ]} −

−2 Im(e^2G_E ) {( ∑ i=8,27 [Re G_i(B^{(2)}_i + B^{(4)}_i )] + ∑ i=1,11 H^{(4)}_i Re ~K_i ) C^{(4)}_E −

− (B^{(2)}_E + B^{(4)}_E ) × × ( ∑ i=8,27 [ Re G_i(C^{(4)}_i + C^{(6)}_i ) ] + ∑ i=1,11 H^{(6)}_i Re ~K_i )} +

– 35 –

+ ( 2 ∑ i=1,11 H^{(4)}_i Im ~K_i ){ ∑ i=8,27 [ Re G_i(C^{(4)}_i + C^{(6)}_i ) ] +

+ ∑ i=1,11 H^{(6)}_i Re ~K_i } −

−2 ( ∑ i=1,11 H^{(6)}_i Im ~K_i ){ ∑ i=8,27 [ Re G_i(B^{(2)}_i + B^{(4)}_i ) ] +

+ ∑ i=1,11 H^{(4)}_i Re ~K_i } . (D.6)

Again, we disregarded the s_i dependence of the functions B^{(2n)}_i , C^{(2n)}_i and H^{(2n)}_i . The functions B^{(4)}_{8(27)} and H^{(4)}_i can be deduced from the results in [10] and the functions B^{(4)}_E from Subsection B.1. Finally, the functions C^{(6)}_i and H^{(6)}_i are discussed in appendix E.

E. Final state interactions at NLO

In this appendix we provide some details of the calculation of the FSI using the optical theorem in the framework of CHPT. We compute the imaginary part of the amplitudes at O(p^6). The calculation corresponds to the diagrams shown in figures 1 and 2. We can distinguish the cases in which the weak vertex is of O(p^4) and the strong vertex of order O(p^2) and the inverse case in which the weak vertex is of order O(p^2) and the strong vertex of order O(p^4). In this paper we will not consider the weak vertices generated by the electroweak penguin. In Subsection E.1 we provide some notation. In Subsections E.2 and E.3

Figure 1: Relevant diagrams for the calculation of FSI for K^+ → π^+π^+π^−. The square vertex is the weak vertex and the round one is the strong vertex.

Figure 2: Relevant diagrams for the calculation of FSI for K^+ → π^0π^0π^+. The square vertex is the weak vertex and the round one is the strong vertex.

– 36 – we report the calculation for the charged Kaon decays. An example of the calculation of the integrals that must be performed is given in Subsection E.4. Finally, in Subsection E.5 we give analytical results for the strong phases at NLO. E.1 Notation In order to be concise we use the functions M_i for the weak amplitudes given in [10]. We define ~M_i(s) = ∫_1 −1 d cos θ M_i(a(s) + b(s) cos θ)|_p4 , (E.1) ~M^s_i (s) =

∫_1 −1 d cos θ (a(s) + b(s) cos θ)M_i(a(s) + b(s) cos θ)|_p4 , (E.2) ~M^{ss}_i (s) = ∫_1 −1 d cos θ (a(s) + b(s) cos θ)^2M_i(a(s) + b(s) cos θ) | |_{p4} , (E.3) a(s) = 1 2 (m^2_K + 3m^2_π − s) , b(s) = 1 2 √ (s − 4m^2_π) ( s − 2(m^2_K + m^2_π) +

(m^2_K − m^2_π)^2 s ) . (E.4) The amplitudes at O(p^4) for the ππ → ππ scattering in a theory with three flavors can be found in [59]. We decompose the amplitudes in the various cases as follows. For the case π^+π^+ → π^+π^+ the amplitude at O(p^4) is Π_1 = P_1(s) + P_2(s, t) + P_2(s, u) . (E.5) For the case π^0π^0 → π^+π^− the amplitude at O(p^4) is Π_2 = P_3(s) + P_4(s, t) + P_4(s, u). (E.6) For the case π^+π^− → π^+π^− the amplitude at O(p^4) is Π_3 = P_5(s) + P_6(s, t) + P_6(s, u) + P_7(s, t) − P_7(s, u). (E.7) Finally the amplitude π^0π^0 → π^0π^0 at O(p^4) is Π_4 = P_8(s) + P_8(t) + P_8(u). (E.8) The value for the various P_i can be deduced from [59]. In the following we use ~P^{(n,m)} i (s) =

∫_1 −1 d cos θ s^n(c(s)(1 − cos θ))^mP_i(s, c(s)(1 − cos θ)) , (E.9) ^P^{(n)}_{1,i} (s) =

∫_1 −1 d cos θ (c(s)(1 − cos θ))^nP_i(c(s)(1 + cos θ), c(s)(1 − cos θ)) , (E.10) ^P^{(n)}_{2,i} (s) =

∫_1 −1 d cos θ (c(s)(1 − cos θ))^nP_i(c(s)(1 − cos θ), s) , (E.11) c(s) = − 1 2 (s − 4m^2_π) . (E.12)

– 37 –

For the cases that the function P_i on the r.h.s. of (E.9) depends only on one variable it is understood that P_i(s, c(s)(1 − cos θ)) → P_i(c(s)(1 − cos θ)).

Another function we use in the next subsections is σ(s) which was defined already in (D.5).

E.2 Final state interactions for K^+ → π^+π^+π^−

We first compute the contributions depicted in figure 1 in which the weak vertex is of O(p^4) and the strong vertex of O(p^2). The results for the diagrams A and B are

ImA^{(6,1)}_W = σ(s_3) 32π (2m^2_π − s_3)

f^2_π [ M_{10}(s_3)|_p4 + ~M_{11}(s_3) + ~M_{12}(s_3)(m^2_K + 3m^2_π − 2s_3) −

− ~M^s_{12}(s_3) ] , (E.13)

ImA^{(6,2)}_W = σ(s_1) 32π (s_1 − m^2_π)

f^2_π [ M_7(s_1)|_p4 + ~M_8(s_1) + ~M_9(s_1)(m^2_K + 3m^2_π − 2s_1)−

− ~M^s_9 (s_1) ] + (s_1 ↔ s_2) , (E.14)

respectively. For diagram C we have both S-wave and P -wave contributions. We get for them

ImA^{(6,3)}_{W,S} = σ(s_1) 64π s_1 f^2_π [ 2M_{11}(s_1)|_p4 + ~M_{11}(s_1) + ~M_{10}(s_1) + ~M^s_{12}(s_1)−

− ~M_{12}(s_1)(m^2_K + 3m^2_π − 2s_1) ] + (s_1 ↔ s_2) , (E.15)

ImA^{(6,3)}_{W,P} = σ(s_1) 64π 1 f^2_π s_1(s_3 − s_2) s^2_1 − 2(m^2_K + m^2_π)s_1 + (m^2_K − m^2_π)^2 × × [ (s_1 − (m^2_K + 3m^2_π))( ~M_{11}(s_1) − ~M_{10}(s_1) + ~M_{12}(s_1)(2s_1 − m^2_K − 3m^2_π))+

+2 ~M^s_{11}(s_1)−2 ~M^s_{10}(s_1)+ ~M^s_{12}(s_1)(5s_1−3(m^2_K +3m^2_π))+

+ 2 ~M^{ss}_{12} (s_1) + 8 3 b^2(s_1)M_{12}(s_1)|_p4 ] + (s_1 ↔ s_2) , (E.16)

respectively.

Secondly, we report the calculation of the case in which the strong vertex is of O(p^4) and the weak vertex is of O(p^2). With analogous notation as above, we get

ImA^{(6,1)}_π = σ(s_3) 32π M_{10}(s_3)|_p2 (P_1(s_3) + ~P^{(0,0)}_2 (s_3)) , (E.17)

ImA^{(6,2)}_π = σ(s_1) 32π (M_7(s_1)+M_8(s_2)+M_8(s_3))|_p2 (P_3(s_1)+ ~P^{(0,0)}_4 (s_1))+(s_1 ↔ s_2) , (E.18)

ImA^{(6,3)}_{π,S} = σ(s_1) 32π (M_{10}(s_3)|_p2 + M_{10}(s_2)|_p2 )(P_5(s_1) + ~P^{(0,0)}_6 (s_1)) + (s_1 ↔ s_2) , (E.19)

ImA^{(6,3)}_{π,P} = σ(s_1) 32π (M_{10}(s_3)|_p2 − M_{10}(s_2)|_p2 ) 1 s_1 − 4m^2_π × × ( (s_1 − 4m^2_π) ~P^{(0,0)}_7 (s_1) + 2 ~P^{(0,1)}_7 (s_1) ) + (s_1 ↔ s_2) . (E.20)

– 38 –

The final result for the ImA^{(6)} is given by the sum

ImA^{(6)} = ∑ i=1,2; j=W,π ImA^{(6,i)}_j + ∑ j=W,π; k=S,P ImA^{(6,3)}_{j,k} . (E.21)

The relation between this imaginary amplitude and the functions defined in appendix B is

Im A^{(6)} = ∑ i=8,27 G_i C^{(6)}_i (s_1, s_2, s_3) + ∑ i=1,11 H^{(6)}_i (s_1, s_2, s_3) ~K_i . (E.22)

This relation is also valid for K^+ → π^0π^0π^+.

E.3 Final state interactions for K^+ → π^0π^0π^+ The calculation is analogous to the one for K^+ → π^+π^+π^−. The relevant graphs are depicted in figure 2. In the case in which the weak vertex is of O(p^4), we get

ImA^{(6,1)}_W = σ(s_3) 32π (s_3 − m^2_π)

f^2_π

× (E.23) × [ 2M_{11}(s_3) + ~M_{11}(s_3) + ~M_{10}(s_3) − ~M_{12}(s_3)(m^2_K + 3m^2_π − 2s_3) + ~M^s_{12}(s_3) ] , ImA^{(6,2)}_W = σ(s_3) 32π m^2_π f^2_π

× (E.24) × [ M_7(s_3) + ~M_8(s_3) + ~M_9(s_3)(m^2_K + 3m^2_π − 2s_3) − ~M^s_9 (s_3) ] , ImA^{(6,3)}_{W,S} = σ(s_1) 64π (2m^2_π − s_1)

f^2_π × × [ 2M_8(s_1) + ~M_8(s_1) + ~M_7(s_1) − ~M_9(s_1)(m^2_K +3m^2_π−2s_1) + ~M^s_9 (s_1) ] + +(s_1 ↔ s_2) . (E.25)

Also in this case diagram C generates both S-wave and P -wave contributions. The P-wave contribution due to the diagram C in 2 is

ImA^{(6,3)}_{W,P} = σ(s_1) 64π 1 f^2_π s_1(s_3 − s_2) s^2_1 − 2(m^2_K + m^2_π)s_1 + (m^2_K − m^2_π)^2 × × [ (s_1 − (m^2_K + 3m^2_π))( ~M_8(s_1) − ~M_7(s_1) + ~M_9(s_1)(2s_1 − m^2_K − 3m^2_π)) +

+ 2 ~M^s_8 (s_1) − 2 ~M^s_7 (s_1) + ~M^s_9 (s_1)(5s_1 − 3(m^2_K + 3m^2_π))+

+ 2 ~M^{ss}_9 (s_1) + 8 3 b^2(s_1)M_9(s_1) ] + (s_1 ↔ s_2) . (E.26)

If the strong vertex is O(p^4) and the weak vertex is order O(p^2), we get

ImA^{(6,1)}_π = σ(s_3) 32π (M_{10}(s_1) + M_{10}(s_2))|_p2 (P_3(s_3) + ~P^{(0,0)}_4 (s_3)) , (E.27)

ImA^{(6,2)}_π = σ(s_3) 32π (M_7(s_3) + M_8(s_1) + M_8(s_2))|_p2 (P_8(s_3) + ~P^{(0,0)}_8 (s_3)) , (E.28)

– 39 –

ImA^{(6,3)}_{π,S} = σ(s_1) 64π (2M_8(s_1) + M_8(s_2) + M_8(s_3) + M_7(s_2) + M_7(s_3))|_p2 × × ( ~P^{(0,0)}_3 (s_1) + ^P^{(0)}_{1,4} (s_1) + ~P^{(0)}_{2,4} (s_1) ) + (s_1 ↔ s_2) , (E.29)

ImA^{(6,3)}_{π,P} = σ(s_1) 64π (M_7(s_3) − M_8(s_3) − M_7(s_2) + M_8(s_2))|_p2 1 s_1 − 4m^2_π × × ( (s_1 − 4m^2_π)( ~P^{(0,0)}_3 (s_1) − ^P^{(0)}_{1,4} (s_1) + ~P^{(0)}_{2,4} (s_1)) + 2 ~P^{(1,0)}_3 (s_1) −

− 2 ~P^{(1)}_{1,4} (s_1) + 2 ^P^{(1)}_{2,4} (s_1) ) + (s_1 ↔ s_2) . (E.30)

The total contribution is given by the sum of (E.21) with the proper right-hand side terms.

E.4 Integrals

The integrals necessary to compute the two-bubble FSI we discussed in the previous subsection can be calculated generalizing the method outlined in [60]. As an example we show the integration of the function

32π^2B(m_1, m_2, t) = C_B + { 2ηδ t ln η − δ η + δ + λ t ln (λ − t)^2 − η^2δ^2 (λ + t)^2 − η^2δ^2 } (E.31)

where C_B is a term which does not depend on t,

C_B = 2 ( 1 − ln η^2 − δ^2

4ν^2 ) (E.32) and η = m_1 + m_2 δ = m_1 − m_2 λ = √ [(t − η^2) (t − δ^2)] . (E.33)

In the center of mass frame one can define

Q = p_K + p_π = ( √ s, 0, 0, 0) p_π = √ s 2 (( 1 − m^2_K − m^2_π s ) , 0, 0, √ 1 − 2(m^2_K + m^2_π) s + (m^2_K − m^2_π)^2 s^2 ) (E.34)

where p_π is the momentum of the external pion entering in the same vertex of the Kaon. The functions B can also be generated in the strong vertex. In this case p_k is the momentum of an external pion. The contribution to the imaginary part of the amplitude A is

Im A = 1 32π σ(s) ∫_1 −1 d cos θ B[m_1, m_2, t] (E.35)

with

t = a + b cos θ (E.36)

– 40 – and a ≡ a(s), b ≡ b(s) in (E.1). In order to solve the difficult part of the integral one can put t = 1 2 [ η^2 + δ^2 − (η^2 − δ^2)

1 + x^2 2x ] . (E.37)

In this way ∫_1 −1 dcos θ λ t ln (λ−t)^2−η^2δ^2 (λ+t)^2 − η^2δ^2 = η^2−δ^2 2b ∫_{xmax}

x_{min} dx (1 − x^2)^2 ln x x^2 (x^2 + 1 − 2xα)

(E.38) = η^2−δ^2 2bx { − 1 − x^2 − (1 − x^2) ln x + αx ln^2 x+ (E.39)

+ 2x √ α^2 − 1 ( ln x ln 1 − α + x √ a^2 − 1 1 − α − x √ a^2 − 1 + + Li_2 ( x α + √ α^2 − 1 ) + + Li_2 ( x(α + √ α^2 − 1) ))}| |^{xmax} x_{min}

where α = (η^2 + δ^2) (η^2 − δ^2)

x_{max} = 2 η^2 − δ^2 { η^2 + δ^2 2 − a − b + 1 2 √ (2(a + b) − (η^2 + δ^2))^2 − (η^2 − δ^2)^2 }

x_{min} = 2 η^2 − δ^2 { η^2 + δ^2 2 − a + b + 1 2 √ (2(a − b) − (η^2 + δ^2))^2 − (η^2 − δ^2)^2 } . (E.40)

In the case m_K = m_π, a + b = 0 and one recovers the formulas of [60].

E.5 Analytical results for the dominant FSI phases at NLO

The elements of the matrices defined in (6.6) have the next analytical expressions at NLO

R^{LO} = ( R_{11} R_{12} R_{21} R_{22} ) ,

δ^{NLO}_2 = ∑ i=8,27,E Gi ( C^{(++−)} i,1 + C^{(00+)}_{i,1} ) + ∑ i=1,11 ( H^{(6)(++−)} i,1 + H^{(6)(00+)} i,1 ) ~K_i ∑ i=8,27,E Gi ( B^{(++−)} i,1 + B^{(00+)}_{i,1} ) + ∑ i=1,11 ( H^{(4)(++−)} i,1 + H^{(4)(00+)} i,1 ) ~K_i , (E.41)

with

R_{11} = ( −β_1 +^1_2 β_3

)_{NR}

(α_1 + α_3)^{R−NR} − (β_1 + β_3)^{NR} ( −α_1 +^1_2 α_3

)_{R−NR} ( −β_1 +^1_2 β_3

)_{NR}

(α_1 + α_3)^{NR} − (β_1 + β_3)^{NR} ( −α_1 +^1_2 α_3

)_{NR} ,

R_{21} = ( −β_1 +^1_2 β_3

)_{NR}

(β_1 + β_3)^{R−NR} − (β_1 + β_3)^{NR} ( −β_1 +^1_2 β_3

)_{R−NR} ( −β_1 +^1_2 β_3

)_{NR}

(α_1 + α_3)^{NR} − (β_1 + β_3)^{NR} ( −α_1 +^1_2 α_3

)_{NR} ,

– 41 –

R_{12} = − ( −α_1 +^1_2 α_3

)_{NR} (α_1 + α_3)^{R−NR} − (α_1 + α_3)^{NR} ( −α_1 +^1_2 α_3

)_{R−NR} ( −β_1 +^1_2 β_3

)_{NR}

(α_1 + α_3)^{NR} − (β_1 + β_3)^{NR} ( −α_1 +^1_2 α_3

)_{NR} ,

R_{22} = − ( −α_1 +^1_2 α_3

)_{NR} (β_1 + β_3)^{R−NR} − (α_1 + α_3)^{NR} ( −β_1 +^1_2 β_3

)_{R−NR} ( −β_1 +^1_2 β_3

)_{NR} (α_1 + α_3)^{NR} − (β_1 + β_3)^{NR} ( −α_1 +^1_2 α_3

)_{NR} , (E.42)

The definitions of α_1, α_3, β_1 and β_3 are in (6.1) and the values of their relevant combinations are ( −α_1 + 1 2 α_3

)_{NR} = ∑ i=8,27,E G_iB^{(00+)}_{i,0} + ∑ i=1,11 H^{(4)(00+)} i,0 ~K_i , ( −α_1 + 1 2 α_3

)_{R−NR} = ∑ i=8,27,E G_iC^{(00+)}_{i,0} + ∑ i=1,11 H^{(6)(00+)} i,0 ~K_i , ( −β_1 + 1 2 β_3

)_{NR} = 1 2 ∑ i=8,27,E G_i ( B^{(++−)} i,1 − B^{(00+)}_{i,1} ) +

+ ∑ i=1,11 ( H^{(4)(++−)} i,1 − H^{(4)(00+)} i,1 ) ~K_i , ( −β_1 + 1 2 β_3

)_{R−NR} = 1 2 ∑ i=8,27,E G_i ( C^{(++−)} i,1 − C^{(00+)}_{i,1} ) +

+ ∑ i=1,11 ( H^{(6)(++−)} i,1 − H^{(6)(00+)} i,1 ) ~K_i ,

(α_1 + α_3)^{NR} = ∑ i=8,27,E G_iB^{(+−0)} i,0 + ∑ i=1,11 H^{(4)(+−0)} i,0 ~K_i , (α_1 + α_3)^{R−NR} = ∑ i=8,27,E G_iC^{(+−0)} i,0 + ∑ i=1,11 H^{(6)(+−0)} i,0 ~K_i ,

(β_1 + β_3)^{NR} = − 1 2 ∑ i=8,27,E G_iB^{(+−0)} i,1 + ∑ i=1,11 H^{(4)(+−0)} i,1 ~K_i ,

(β_1 + β_3)^{R−NR} = 1 2 ∑ i=8,27,E G_iC^{(+−0)} i,1 + ∑ i=1,11 H^{(6)(+−0)} i,1 ~K_i . (E.43)

where the functions B_{i,0(1)}, C_{i,0(1)} and H_{i,0(1)} are those obtained form the expansion in (B.9) of the corresponding full quantities that can be found in appendix D.

Disregarding the tiny CP-violating (less than 1%) and the effects of order e^2p^2 (the loop contribution is less than 2%), we obtain the numbers in (6.10).

References

[1] J.A. Cronin, Phenomenological model of strong and weak interactions in chiral U(3) × U(3), Phys. Rev. 161 (1967) 1483;

– 42 –

B.R. Holstein,Current-algebra model of ΔI = 3/2 effects in nonleptonic Kaon decay, Phys. Rev. 183 (1969) 1228;

T.J. Devlin and J.O. Dickey, Weak hadronic decays: K → 2π and K → 3π, Rev. Mod. Phys. 51 (1979) 237.

[2] S. Weinberg, Phenomenological lagrangians, Physica A96 (1979) 327.

[3] J. Gasser and H. Leutwyler, Chiral perturbation theory to one loop, Ann. Phys. (NY) 158 (1984) 142;

J. Gasser and H. Leutwyler, Chiral perturbation theory: expansions in the mass of the strange quark, Nucl. Phys. B 250 (1985) 465.

[4] J.F. Donoghue, E. Golowich and B.R. Holstein, Kaon decays and a determination of the scale of chiral symmetry, Phys. Rev. D 30 (1984) 587;

H.-Y. Cheng, C.Y. Cheung and W.B. Yeung, Toward the understanding of K → 3π decays in chiral perturbation theory, Mod. Phys. Lett. A 4 (1989) 869; Analysis of K → 3π decays in chiral perturbation theory, Z. Physik C 43 (1989) 391;

S. Fajfer and J.M. Gérard, A simple chiral lagrangian approach to K → πππ decays and ϵ^′_{+0−} , Z. Physik C 42 (1989) 425.

[5] G. Ecker, Strong interactions of light flavours, hep-ph/0011026;

A. Pich, Effective field theory, hep-ph/9806303.

[6] G. Ecker, Chiral perturbation theory, Prog. Part. Nucl. Phys. 35 (1995) 1 [hep-ph/9501357];

E. de Rafael, Chiral lagrangians and Kaon CP-violation, hep-ph/9502254; A. Pich, Chiral perturbation theory, Rept. Prog. Phys. 58 (1995) 563 [hep-ph/9502366].

[7] J. Kambor, J. Missimer and D. Wyler, K → 2π and K → 3π decays in next-to-leading order chiral perturbation theory, Phys. Lett. B 261 (1991) 496.

[8] J. Kambor, J. Missimer and D. Wyler, The chiral loop expansion of the nonleptonic weak interactions of mesons, Nucl. Phys. B 346 (1990) 17.

[9] J. Kambor, J.F. Donoghue, B.R. Holstein, J. Missimer and D. Wyler, Chiral symmetry tests in nonleptonic K decay, Phys. Rev. Lett. 68 (1992) 1818.

[10] J. Bijnens, P. Dhonte and F. Persson, K → 3π decays in chiral perturbation theory, Nucl.

Phys. B 648 (2003) 317 [hep-ph/0205341].

[11] B.R. Holstein, Current algebra, Glashow’s model of CP nonconservation, and K → 3π, Phys.

Rev. 177 (1969) 2417.

[12] L.-F. Li and L. Wolfenstein, Current algebra analysis of CP-violations in K → 3π decay in the six quark Weinberg-Salam model, Phys. Rev. D 21 (1980) 178.

[13] C. Avilez, CP-violation in charged Kaons, Phys. Rev. D 23 (1981) 1124.

[14] B. Grinstein, S.-J. Rey and M.B. Wise, CP-violation in charged Kaon decay, Phys. Rev. D 33 (1986) 1495.

[15] J.F. Donoghue, B.R. Holstein and G. Valencia, CP-violation in K → 3π, Phys. Rev. D 36 (1987) 798.

[16] A.A. Bel’kov, A.V. Lanyov, G. Bohm and D. Ebert, Prediction of direct CP-violation for K → 3π decays in chiral perturbation theory, Phys. Lett. B 232 (1989) 118; A.A. Bel’kov, G. Bohm, D. Ebert, A.V. Lanyov and A. Schaale, Analysis of nonleptonic Kaon decays in chiral perturbation theory, Int. J. Mod. Phys. A 7 (1992) 4757.

– 43 –

[17] G. D’Ambrosio, G. Isidori and N. Paver, How large can be direct CP-violation in K → 3π from chiral perturbation theory?, Phys. Lett. B 273 (1991) 497.

[18] G. Isidori, L. Maiani and A. Pugliese, CP-violation in K^± → 3π decays and lattice QCD B factors, Nucl. Phys. B 381 (1992) 522.

[19] L. Maiani and N. Paver, The second DAΦNE physics handbook, vol. I, L. Maiani, G. Pancheri and N. Paver eds., 1995.

[20] E. Shabalin, Semi-phenomenological approach to the estimate of CP effects in K^± → 3π decays, hep-ph/0305320.

[21] E. Shabalin, Influence of CP-violation on energy spectra in K^± → π^±π^±π^± decays, Nucl.

Phys. B 409 (1993) 87; CP-violation in the K^± → π^±π^±π^± decays, ITEP-92-6; Next-to-leading-order calculation of the difference of the widths with respect to the decays K^+ → π^+π^+π^− and K^− → π^−π^−π^+ caused by the Kobayashi-Maskawa mechanism of CP-violation, Phys. Atom. Nucl. 61 (1998) 1372.

[22] G. D’Ambrosio, G. Isidori, A. Pugliese and N. Paver, Strong rescattering in K → 3π decays and low-energy meson dynamics, Phys. Rev. D 50 (1994) 5767 [hep-ph/9403235], erratum ibid. D51 (1995) 3975.

[23] I.V. Ajinenko et al., Measurement of the Dalitz plot slope parameters for K^− → π^0π^0π^− decay using ISTRA+ detector, Phys. Lett. B 567 (2003) 159 [hep-ex/0205027].

[24] NA48 collaboration, R. Wanke, New results on Kaon decays from NA48, hep-ex/0305059;

NA48 collaboration, C. Cheshkov, Recent NA48 results on rare K decays, hep-ex/0306012.

[25] KLOE collaboration, A. Aloisio et al., Measurement of the branching ratio for the decay K^± → π^±π^0π^0 with the KLOE detector, hep-ex/0307054;

M. Primavera, Results from DAΦNE, talk at Workshop on Chiral Dynamics 2003: Theory and Experiment, September 8–13, Bonn 2003.

[26] E. Gámiz, J. Prades and I. Scimemi, CP-violating asymmetries in K^+ → 3π in the Standard Model, hep-ph/0305164.

[27] J. Bijnens, E. Pallante and J. Prades, Obtaining K → ππ from off-shell K → π amplitudes, Nucl. Phys. B 521 (1998) 305 [hep-ph/9801326].

[28] K. Schubert, CKM matrix elements magnitudes, Plenary talk at 21st international symposium on lepton and photon interactions at high energies, August 11–16, Fermilab, Batavia 2003.

[29] J. Bijnens, J. Prades and E. de Rafael, Light quark masses in QCD, Phys. Lett. B 348 (1995) 226 [hep-ph/9411285];

J. Prades, m_u + m_d from QCD-hadron duality, Nucl. Phys. 64 (Proc. Suppl.) (1998) 253 [hep-ph/9708395].

[30] M. Jamin, Flavour-symmetry breaking of the quark condensate and chiral corrections to the Gell-Mann–Oakes–Renner relation, Phys. Lett. B 538 (2002) 71 [hep-ph/0201174]; M. Jamin, J.A. Oller and A. Pich, Light quark masses from scalar sum rules, Eur. Phys. J. C 24 (2002) 237 [hep-ph/0110194];

K. Maltman and J. Kambor, m_u + m_d from isovector pseudoscalar sum rules, Phys. Lett. B 517 (2001) 332 [hep-ph/0107060].

[31] H. Wittig, Chiral effective lagrangian and quark masses, Nucl. Phys. 119 (Proc. Suppl.)

(2003) 59 [hep-lat/0210025].

– 44 –

[32] V. Cirigliano, J.F. Donoghue, E. Golowich and K. Maltman, Improved determination of the electroweak penguin contribution to ϵ^′/ϵ in the chiral limit, Phys. Lett. B 555 (2003) 71 [hep-ph/0211420]; K → ππ electroweak penguins in the chiral limit, hep-ph/0209332; Determination of ⟨(ππ)(I = 2)|Q(7, 8)|K^0⟩ in the chiral limit, Phys. Lett. B 522 (2001) 245 [hep-ph/0109113];

J.F. Donoghue and E. Golowich, Dispersive calculation of B^{(3/2)}_7 and B^{(3/2)}_8 in the chiral limit, Phys. Lett. B 478 (2000) 172 [hep-ph/9911309].

[33] S. Narison, New QCD-estimate of the Kaon penguin matrix elements and ϵ^′/ϵ, Nucl. Phys. B 593 (2001) 3 [hep-ph/0004247].

[34] J. Bijnens, E. Gámiz and J. Prades, Matching the electroweak penguins Q_7, Q_8 and spectral correlators, J. High Energy Phys. 10 (2001) 009 [hep-ph/0108240]; E. Gámiz, J. Prades and J. Bijnens, Matching the electroweak penguins Q_7 and Q_8,

hep-ph/0209089.

[35] ALEPH collaboration, R. Barate et al., Measurement of the spectral functions of axial-vector hadronic tau decays and determination of α_s(m^2_τ ), Eur. Phys. J. C 4 (1998) 409.

[36] OPAL collaboration, K. Ackerstaff et al., Measurement of the strong coupling constant α_s and the vector and axial-vector spectral functions in hadronic tau decays, Eur. Phys. J. C 7 (1999) 571 [hep-ex/9808019].

[37] M. Knecht, S. Peris and E. de Rafael, A critical reassessment of Q_7 and Q_8 matrix elements, Phys. Lett. B 508 (2001) 117 [hep-ph/0102017]; Matrix elements of electroweak penguin operators in the 1/N_c expansion, Phys. Lett. B 457 (1999) 227 [hep-ph/9812471].

[38] CP-PACS collaboration, J.I. Noaki et al., Calculation of non-leptonic Kaon decay amplitudes from K → π matrix elements in quenched domain-wall QCD, Phys. Rev. D 68 (2003) 014501 [hep-lat/0108013];

CP-PACS collaboration, S. Aoki et al., Calculation of K → ππ decay amplitudes from K → π matrix elements in quenched domain-wall QCD, Nucl. Phys. 106 (Proc. Suppl.) (2002) 332 [hep-lat/0110142];

RBC collaboration, T. Blum et al., Kaon matrix elements and CP-violation from quenched lattice QCD, I. The 3-flavor case, hep-lat/0110075;

RBC collaboration, T. Blum, Im A_0, Im A_2 and ε^′ from quenched lattice QCD, Nucl. Phys. 106 (Proc. Suppl.) (2002) 317 [hep-lat/0110185].

[39] SP_{QCD}R collaboration, D. Bećirević et al., Kaon weak matrix elements with Wilson fermions, Nucl. Phys. 119 (Proc. Suppl.) (2003) 359 [hep-lat/0209136].

[40] J. Bijnens and J. Prades, ε^′_K /ε_K in the chiral limit, J. High Energy Phys. 06 (2000) 035 [hep-ph/0005189]; Chiral limit prediction for ε^′_K /ε_K at NLO in 1/N_c, Nucl. Phys. 96 (Proc. Suppl.) (2001) 354 [hep-ph/0010008]; ε^′_K /ε_K at next-to-leading in 1/N_c and to lowest order CHPT, hep-ph/0009156; ε^′_K /ε_K in the chiral limit using large-N_c, hep-ph/0009155.

[41] J. Bijnens and J. Prades, The ΔI = 1/2 rule in the chiral limit, J. High Energy Phys. 01 (1999) 023 [hep-ph/9811472];

J. Prades, The ΔI = 1/2 rule for Kaons, Nucl. Phys. 86 (Proc. Suppl.) (2000) 294 [hep-ph/9909245].

[42] S. Peris, M. Perrottet and E. de Rafael, Matching long and short distances in large-N_c QCD, J. High Energy Phys. 05 (1998) 011 [hep-ph/9805442].

– 45 –

[43] J. Bijnens, E. Gámiz, E. Lipartia and J. Prades, QCD short-distance constraints and hadronic approximations, J. High Energy Phys. 04 (2003) 055 [hep-ph/0304222].

[44] T. Hambye, S. Peris and E. de Rafael, ΔI = 1/2 and ϵ^′/ϵ in large-N_c QCD, J. High Energy Phys. 05 (2003) 027 [hep-ph/0305104].

[45] T. Hambye, G.O. Köhler, E.A. Paschos and P.H. Soldan, Analysis of ϵ^′/ϵ in the 1/N_c expansion, Nucl. Phys. B 564 (2000) 391 [hep-ph/9906434];

T. Hambye, G.O. Köhler, E.A. Paschos, P.H. Soldan and W.A. Bardeen, 1/N_c corrections to the hadronic matrix elements of Q_6 and Q_8 in K → ππ decays, Phys. Rev. D 58 (1998) 014017 [hep-ph/9802300].

[46] G. Isidori and A. Pugliese, Chiral weak lagrangian for vector mesons and K → 3π decay amplitudes, Nucl. Phys. B 385 (1992) 437.

[47] G. Ecker, J. Gasser, H. Leutwyler, A. Pich and E. de Rafael, Chiral lagrangians for massive spin 1 fields, Phys. Lett. B 223 (1989) 425;

G. Ecker, J. Gasser, A. Pich and E. de Rafael, The role of resonances in chiral perturbation theory, Nucl. Phys. B 321 (1989) 311.

[48] E. Pallante, A. Pich and I. Scimemi, The standard model prediction for ϵ^′/ϵ, Nucl. Phys. B 617 (2001) 441 [hep-ph/0105011];

E. Pallante and A. Pich, Final state interactions in Kaon decays, Nucl. Phys. B 592 (2001) 294 [hep-ph/0007208]; Strong enhancement of ϵ^′/ϵ through final state interactions, Phys. Rev. Lett. 84 (2000) 2568 [hep-ph/9911233].

[49] M. Knecht and A. Nyffeler, Resonance estimates of O(p^6) low-energy constants and QCD short-distance constraints, Eur. Phys. J. C 21 (2001) 659 [hep-ph/0106034].

[50] V. Cirigliano, G. Ecker, H. Neufeld and A. Pich, Meson resonances, large-N_c and chiral symmetry, J. High Energy Phys. 06 (2003) 012 [hep-ph/0305311] and work in preparation.

[51] M. Knecht, S. Peris and E. de Rafael, A new approach to weak amplitudes in large-N_c QCD, Nucl. Phys. 86 (Proc. Suppl.) (2000) 279 [hep-ph/9910396].

[52] Particle Data Group collaboration, K. Hagiwara et al., Review of particle physics, Phys.

Rev. D 66 (2002) 010001.

[53] G. D’Ambrosio and G. Isidori, CP-violation in Kaon decays, Int. J. Mod. Phys. A 13 (1998) 1 [hep-ph/9611284].

[54] G. D’Ambrosio, G. Isidori and G. Martinelli, Direct CP-violation in K → 3π decays induced by SUSY chromomagnetic penguins, Phys. Lett. B 480 (2000) 164 [hep-ph/9911522].

[55] G. Esposito-Farèse, Right invariant metrics on SU(3) and one loop divergences in chiral perturbation theory, Z. Physik C 50 (1991) 255.

[56] G. Ecker, J. Kambor and D. Wyler, Resonances in the weak chiral lagrangian, Nucl. Phys. B 394 (1993) 101.

[57] G. Ecker, G. Isidori, G. Müller, H. Neufeld and A. Pich, Electromagnetism in nonleptonic weak interactions, Nucl. Phys. B 591 (2000) 419 [hep-ph/0006172].

[58] G. Amorós, J. Bijnens and P. Talavera, Two-point functions at two loops in three flavour chiral perturbation theory, Nucl. Phys. B 568 (2000) 319 [hep-ph/9907264].

[59] V. Bernard, N. Kaiser and U.-G. Meißner, πK scattering in chiral perturbation theory to one loop, Nucl. Phys. B 357 (1991) 129.

– 46 –

[60] J. Bijnens, G. Colangelo, G. Ecker, J. Gasser and M.E. Sainio, Pion pion scattering at low energy, Nucl. Phys. B 508 (1997) 263 [hep-ph/9707291], erratum ibid. B517 (1998) 639.

– 47 –